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PKEFACE TO THE FIKST EDITION. 



T HAVE been frequently asked to produce solutions of the 
A examples in my Treatise on Elementary Hydrostatics, 
but the pressure of other work has prevented me from 
undertaking the task of preparing them. 

These solutions have been almost entirely drawn up by 
Mr A W. Flux, Fellow of St John's College, and I am 
much indebted to him for the labour which he has bestowed 
upon the work. 

I hope that they will be found to be useful and helpful, 
both to teachers and to students. 

No figures have been given, but the student will find 
no serious difficulty in drawing figures for himself when 
necessary, and he will find it greatly to his advantage 
to do so. 

W. H. BESANT. 

January 1891. 



PREFACE TO THE SECOND EDITION. 



TN the latest edition of the Treatise on Elementary 
-*- Hydrostatics, the fifteenth, considerable changes were 
made in the text, and much additional matter was inserted. 

The examples and problems were also rearranged, some 
useless examples were removed, and a number of new 
examples, taken chiefly from recent examination papers, 
were added to the various groups. 

The present edition of the Solutions has been carefully 
arranged so as to be in complete accordance with the 
fifteenth edition of the Treatise. 

I have again to thank Mr A. W. Flux for valuable 
assistance in the writing out of Solutions and in the revision 
of proof sheets. 

W. H. BESANT. 

February 1893. 
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ERRATA. 

PAGE 

2. Third line from the end, for on sq. inches read on r sq. inches. 

4. Line 12, read 16x1728. 

6. Lines 12, 18, 14; the factor 62-5 is omitted. 

13. Line 19, read w.f.^. 

O a 

17. ,, 2, for lengths read depths. 
21. Ex. 14, line 3, read lvr*p. 

29. Ex. 46. This should ran as follows. 

The shifting of 20 tons is a gain on one side of the moment 
of 40 tons ; 

/. 9OOOAsin0 = 4Ox21eos0, 

°*»° tan '=207l2=24 

46. Ex. 8. In order to solve this question, another condition must be 
given. 

Taking the general case, suppose that a common hydrometer has 
a portion of its bulb chipped off, and that, when placed in liquids 
of densities a, p and y, it indicates densities a', /?, and y' respectively. 

Let V be volume of instrument, p its density, U the volume chipped 
off, k the cross section of the stem. 

Then if x t y, z are the lengths of stem above the surface, 

pV=a'(V-Kx), p{V- U)=o(F- U-kx), 

pV=(r(V-Ky), p(V-U)=p(V-U-Ky), 

p V=-/(V-kz), p(V-U)=y(V-U-Kz). 

11 1|7_! 1 4.1?_I_i * E 

Mld y-a'P(p-a)+Y(ap-a'py 

It a, pare known, and if a', p, y are observed, this determines 7. 
Tripos Examination, 1890. 



ELEMENTAEY HYDKOSTATICS. 

SOLUTIONS OF EXAMPLES. 



CHAPTER I. 
Examination. 

4. (1) The unit of area is a square inch, the pressure on which is 
10£ pounds weight. . 

(2) The unit of area is four square inches, the pressure on 
which is 42 pounds weight 

5. Suppose h so small that the pressure may be considered uniform 
over the rectangle, the area of which is bh. 

This uniform pressure is 

wbh (a + h)jbh =*w(a+h)=wa 
when h vanishes, i.e. at any point in the upper side. 

6. Area of larger pipe = 9 x area of smaller pipe ; 

.*. required force =9 x 20=180 lbs. weight. 

8. Area of B = 64 x 36 x 36 x area of A ; 

.-. mass supported by 5=64 x 36 x 36 lbs. =37^ tons. 

9. If a be the length of the side of the square, 26 the other side of 
the rectangular lid, W its weight, p the pressure when the lid is on the 
point of lifting, 

Taking moments about the line of the hinge 

2 TXT i Wb 

pa 2 x a— Wx b or p= — . 

10. Here »=& 6=f. 

w p. a 9 800 1A1 . , 
W = r -f-- = -= — =^=10 lbs. wt. 
b 5x16 

B. E. H. 1 



2 CHAPTER I. 

11. The distance through which the larger piston moves is one- 
ninth of that moved through by the piston in the smaller pipe. 

12. Let the base of the triangle be 2n times its height and let h be 
the height. 

The area = n A*. 

The length of PQ=2wx 

.*. Area of APQ—nx 2 . 

.-. Mean pressure on APQ^pjn. 

Since this is independent of x the pressure is uniform over the whole 
triangle. 

13. Pressure on a circular portion having its centre at the fixed 
point, and of radius r=\r 3 . 

If the radius be r+x the pressure is X (r+x) s . 

The increase in area is ir{(r+x) 2 — r 2 } =* (2rx+x*). 

.*. Mean pressure over the area added 

_X (r+xy- r* = \ 3r*+Zrx+x* 

~n 2rx+x* ~~ n 2r+x 
3X 

2fT 

when x is diminished indefinitely. 

And this is the pressure at any point on the circumference of the 
circular portion of radius r. 

10000 

14. The pressure is ^j — ^~ atmospheres. 

.-. the compression = Q — ^- x "00005 of the whole volume ; 

.*. distance through which piston is compressed 

10x12 1 . u 
= ^=-x inch. 



29 x 36*r 273 

15. Total volume of water in the two tubes =^»r cubic feet. 

Let x inches be the distance through which the piston is forced. 

~ . irx /185 x 

Compression ^^ j -^ v*-^. 

This is produced by a pressure of 58 n lbs. wt. on sq. inches, which 
is about 4 atmospheres. 

. • . 4 x 000049 = ^£q 1 or x = -87024 inches. 



CHAPTER II. 
Examination. 

2. Mass of a cubic foot of water =62*5 lbs. 

.-. Mass of a cubic yard = 1687*5 lbs. 

Mass of a cubic inch = t^q 

= •0361689814 lbs. 
Mass of a cubic foot of mercury = 848 lbs. 
.-. Mass of a cubic yard =22896 lbs. 
Mass of a cubic inch = '49074 lbs. 

3. 1 cub. foot =28316 cub. cm. 

.-. Mass of 1 cub. foot of water =2831 6 grammes. 
Mass of 1 cub. foot of mercury 

= 28316 x 13-568 =384191 '488 grammes. 

4. Mass of 1 cub. cm. of water =1 gramme 

= -0022046 lbs. = -0352736 ounces 

or = 0^0405 ounces. (See Art. 22.) 

5. Mass of 1 cub. foot = 2831 -6 grammes 

= 2831*6 x -0022046 lbs. 
=62425 lbs. 

6. A cubic yard of cork weighs as much as 

•24 cub. yds. =6-48 cub. feet of water. 



n t> • a 11x19-4 + 8-84 nocft 
7. Required sp. gr.= — - =18*52. 



1—2 



4 CHAPTER II. 

8. Mixture of equal volumes has sp. gr. £ (5 + 7) = 6. 
Mixture of equal weights has sp. gr. f-rror 5£. 

5+7 

9. The required weight 

= 27 x 1728 x '45 x 5 = 104976 lbs. wt. 

10. 2 V 9 V being the volumes of the two fluids which are mixed, 
2 V is the volume of the mixture. 

. * . density of mixture = — ^y - " = 2p. 

11. The required weight 

=27 x -12 x 1000 ozs. = 202£ lbs. wt. 

• 1000 

12. A cubic inch of water weighs ; ^ks — r,» lbs. 

° 1728 x 16 

.*. the sp. gr. of the substance 

1625 16 + 1728 
~" 3456 X 1000 

13. 8, «', *", <r being the densities of the three fluids and of the 
mixture, 

8+8 , +s"^3<r; .'. *=3<r-*'-*". 

14. Let the resulting volume be V+ V - v. 
Then s(V+ V-v)= Va + V'<r'; 

8 



Examples. 

1. Let V, o- be the volume and density of one fluid, mV, rur the 
volume and density of the other. 

p(m+l)V= Vor+mnVo-y 

l+m 

r 1+Wltt 

2. Let 2 V be the volume of each fluid. 

The volume of the mixture is 3 V. Its density being <r 

3Fcr=2Fp+4Fp; /. cr=2p. 



EXAMPLES. 5 

3. The densities of the n fluids being 

P?2p, 3p, np 

when equal volumes are mixed, the density of the mixture is 

1+2+3+.. .+7i n+1 
n P=-2- p ' 

When the volumes are in the ratios of 1 » 2 , 3...T&, the density of the 
mixture 

_ l 2 + 2 2 +...+tt 2 _ 2ti+1 

1 + 2 + .. .+n p 3 p ' 
When the volumes are in the ratios of 



n.7&-1...3.2. 1, 
the density of the mixture 

_ tt+2(tt-l) + 3(n-2) + ...+w _ n+2 
w+w^l + ... + 2 + l P " 3 P ' 

4. «!, * 2 being the sp. gr. of the two fluids, 

cr=i(a 1 +* 2 ), cr / =4(* 1 +2* 2 ); 

5. Let s l9 8 2 be the specific gravities of the fluids, 

*i+*2 = 4 2 
2 3*1 2' 

.-. 3* 1 2 -10* 1 a 2 +3« 2 2 =0; 
.-. 8 1 : 8 2 =*l : 3 or 3 : 1. 

6. Let x gallons be the quantity required, 

#+10-31 - . , 1 A W1ft 

,, =1*021; .-. #=1^ =4-7619... 
#+10 * '21 

7. Volume of earth 

=$«■ (1-275) 3 . 10 27 cubic centimeters. 

.-. mass of earth =j7r(l-275) 3 x 5-67 xlO 27 grammes 

=6*15 x 10 27 grammes about. 

8. Let I feet be the unit of length. 

The mass of J 3 cubic feet of water is 

i^« 7000000 „ 

1000 P ozs. = — ^ — P grains. 

lo 
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,\ the weight of a unit of volume of the substance is the weight of 

7000000 „ 

— jg — Z 3 * grams, 

if * denote its specific gravity. 

Now, this weight is s units, i.e. 28* grains wt. 

... 28 J™™ ? 

73 64 

or t 3 = 



1000000 



and t^m-h* 00 *' 

9. Let 8, a be the sp. gr. of A and B. 
V the number of cub. feet in a gallon. 

Vs x 625 + X! = ( V+ g^:)*! x 62*5 

= 7^x62-5 + -^ 
.*. F(*-or 1 ) = X 1 .^ . , (i-J 

(T 

So also F(*-(r 2 )=X 2 .^^ « ^5 

P(*-03)=X 3 . ^ 

... X l( (r l~ ") — X 2( <r 2~0') _ ^3( (r 3- cr ) 
* — 01 a — (r 2 * - 0*3 

which equations determine * and a-. 

10. Let 8, <r be the specific gravities. 

(1) Weights proportional to - , - are mixed. 

8 (T 
a u • j. 8(T *0 , (« + 0') 

Sp. gr. of mixture=- — - = J^y . 

(2) Vols, proportional to a . 0- are mixed. 

« 2 + (T 2 



^-v , us 



Sp. gr. of mixture: 



3 + 0" * 

2 



/. Ratio of sp. grs.= ^a*)* * 



CHAPTER III 



Examination. 



1. The pressure is increased by the weight of the liquid contained 
in a cylinder whose base is equal to that of the vessel and whose height 
is equal to the increase of depth of the liquid. 

2. (1) The pressure on a unit of area (a square inch) = the weight 
of J£J cubic feet of water =43££ lbs. wt. 

(2) Pressure is now increased by the atmospheric pressure, i.e. 
by about 14£ lbs. wt. per square inch, and is therefore about 58 lbs. wt. 

4. Neglecting atmospheric pressure, the pressure on a square inch 
=the weight of JJJ- cubic feet of water «»73j|} lbs. wt. 

6. The depth of the centre of gravity of the triangle is r-^ feet. 
Its area is »J3/4 square feet 

.'. the pressure on it = the weight of J cubic foot of waters weight 
of 125 ozs. 

8. If a cylinder with vertical generating lines be described on the 
same base as the cone, the pressure on the curved surface of the cone 
is the weight of the liquid which would nil the space between the cone 
and cylinder, i.e. twice the weight of the liquid in the cone. 

9. If we suppose the density of the area to vary as the depth 
below the surface, its centre of gravity would be the centre of pressure. 
Now this centre of gravity is evidently at a greater depth than that of 
a uniform area with the same boundary, unless the area be horizontal, 
when they coincide. 

10. Let 2a be the height of the rectangle, 2b its breadth and let k 
be the depth of the upper edge. 

The pressure when this edge is in the surface is 4a*bw at a point at 
depth 4a/3, taking w as the intrinsic weight of the liquid. 
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This pressure is increased by the pressure Aabhw uniformly dis- 
tributed, the resultant of which may therefore be considered as acting 
at the c. g. 

If x be the depth below the upper edge of the consequent resultant 
pressure 

4abw (a+ A) x=4a*bw . —+4abhw . a; 

3 

••• *=4-a[? +a ] 

=a+a 2 /3(a+A). 

The centre of pressure is therefore at a depth a 2 /Z (a+A) below the 
centre of gravity. 

11. Let A be the length of the vertical side of the rectangle, x the 
depth of the required line, b the breadth of the rectangle. 

The whole pressure on the rectangle= w . = . Kb. 

x 
The pressure on the upper portion = w . 5 . xK 

.-. # 2 =£A 2 or #=A/V2. 

12. If x r be the depth of the rfch line of division, we have as 
in (11), 

n 
— r h 

13. A being the height, 2a the base of the triangle, 

XCt 

x the depth of the dividing line, whose length .\ =2 . -v- . 
Whole pressure on triangle =w .%h.ha, 

XCL 

Pressure on upper portion = w . \x . x -j- ; 

.\ *»/A=iA 2 ; 
.\ x=hli/2. 



EXAMPLES. 



Examples. 

1. Let A be the sectional area of the cylinders, W the weight of 
the piston, A, k the heights of the water in the open and closed 
cylinders, w being the intrinsic weight of water the position of equi- 
librium is given by 

w . hA =wkA + W 9 

or h-k=WjwA. 

The volume of water (h+k) A in the two cylinders being known, h 
and k are at once determined. 

2. The weight must be equal to the weight of 8 x (2£) a cubic feet 
of water, i.e. 3125 lbs. wt. 

3. Let k be the height, b the breadth of the rectangle, and let the 
line cut the lower side at a distance b-x from the opposite corner. 

Pressure on whole rectangle=w. x . hb. 

Pressure on triangular part = w . -5- . -^- . 

.*. -«-=i& or #=f&. 

4. Let h be the whole length of tube occupied by the two liquids, 
x the height of their common surface above B. 

The height of the surface of the lighter liquid above the common 
surface =A/2«/2. 

That of the surface of the heavier liquid is 

(|-2V2)/V2; 

.-. 2^|-2^V2)=| or x=h/8</2. 

5. Area of curved surface —n square feet. 

Pressure on it due to weight of water = weight of -5 cubic feet of 
water. 

Pressure on it due to weight of piston =w x 4-r 7 = 16 lbs. wt. 
.-. whole pressure = 16+ if 4 7T lbs. wt. 

6. The cylinder being full of water, the effect is simply that which 
would be produced by increasing the weight of the piston by 1 lb. wt., 
i.e. the whole pressure is increased by 4 lbs. wt. 

20 125 
The pressure at a depth A is — h —^- h lbs. wt. per square foot. 
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7. (1) When the vessel is full, the water will overflow as the lead 
is immersed, the pressure on the base being unchanged. 

(2) If the vessel is not full, the pressure on the base is 
increased by the weight of a quantity of water equal in volume to the 
piece of lead. 

8. Let h be the height, r the radius of the cylinder. 
Pressure on curved surface ^wrh . 2irr. 

Pressure on each end =wr . nr 2 . 

Weight of fluid = wk . n-r 2 . 

.-. 2£r+2r 2 =3Ar, 
or 2r=h. 

9. Let the vertical through C meet AB in 2), and let 6 be the angle 
made by CA, CB with the surface. 

The depth of A is b sin 6, that of B is a sin 6 ; 

xi. j xi , n 2a£sin0 
,\ the depth of D= r— . 

r a+b 

For CB bisects ACB and therefore AD : DB=b : a. 
The depth of the c. g. of A CD 

3 \ a+b J J 3 a+b 

The depth of the eg. of BCB= -^ 6 . a(a+ f 6) . 

3 a+b 

The areas of ACD, BCD are as AD : BD=b : a; 

.". the pressures on them are as 6 2 (6+ 3a) : a 2 (a +36). 

10. Let w, &w be the intrinsic weights of the two fluids, h the 
depth of each, r the radius of the cylinder. 

The whole pressure on the surface in contact with the lighter 
fluid is 

It 

The whole pressure on the curved surface in contact with the 
heavier fluid is 

wh . %irrh+3w. 2nrh . 5 =5«wA 2 . 

Jt 

.'. the whole pressure on the curved surface =6wirr h % . 

If the fluids be mixed, the intrinsic weight of the mixture will be 2w. 
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The whole pressure on the curved surface will be 

2w . 2irr . 2A . h = 8 vwrh 2 . 
and Svwrh 2 : 6w*rrA 2 = 4 : 3. 

11. Let ABC be the triangle, AB being in the surface. If be 
any point in the line CD> joining C to the middle point of A B, 

The pressures on the triangles CA D, CBD are equal and the 
pressures on OAD, OBD are equal. 

.\ the pressures on COA, COB are equal. 
If 02)=ffandCZ)=A, 

Pressure on OAB : pressure on CAB=x* : h 2 . 
.\ if be the point required, 

a*=$h* or x=h/*j3. 

12. Let AD=x. 

Then pressure on ABB : pressure on ABC*=x 2 : b 2 ; 

And AD:DC=x:b-x=l : ^2-1. 

13. Let x inches be the side of the square, 2w, Zw the intrinsic 
weights of the two fluids. 

The pressure on the part in the lighter fluid 

= 2w . 2 . 4x= I6wx. 

That on the lower part=( 2w . 4+3w . — =- J x(x-4). 

These being equal, we obtain 

#=£(1±V10). 
The upper sign must be taken, since x is essentially positive. 

14 Let p be the perimeter of the cylinder, h the depth of each 
fluid. 

The fluid pressures on the three portions are as 

\.ph : (h+2.^ph : (h + 2h+3^ph; 
.*. these pressures are as 1 : 4 : 9. 

15. Let, a, ir -a, be the angles subtended at the centre of the tube 
bv the two portions of fluid, p, p' their densities, a the radius of the 
circular tube, 6 the inclination to the vertical of the bounding diameter. 
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The two expressions for the pressure at the common surface are in 
the ratio of 

p [a cos B - a cos (0+a)], 

and p'[-acos(0+a)-acos0]. 

Equating these we find 

tan0=cota+-4-£r±£. 

8inap'-p 

16. Let h be the length of the cylinder, A its sectional area, 

it 
6, --$, the inclinations of the axis to the vertical, w the intrinsic 

weight of the fluid. 

P=wA.hcoa0, 

P'^wA.hsinO; 
.*. [P 2 +i y2 ]*=^ul= weight of fluid displaced. 

17. Let w be the intrinsic weight of the fluid, r the radius of the 
cylinder .-. 2r the depth of fluid. 

Pressure on curved surface = w . 2irr . 2r . r=*4tw . wr 3 . 

Let h be the distance of the centre of the sphere from the base. 

2 8 

s7rr s +7rr 2 .2r=7rr 2 .A ,\ h^^r. 

One eighth of the sphere's weight is supported by the displacement 

of fluid, the rest by pressure on the surface of the fluid, which is there- 

7 4 14 14 

fore q 4w . - ttt 3 = — vwfi or -^ vxr per unit of area. 

.'. Pressure on curved surface is 



[14 4 ~~\ St 

-^■wr+w.-r \%rr. ^ = 32w7rr 3 . 



The increase =28w»rr 3 or seven times the original pressure or 21 
times the weight of the fluid. 

18. Let p, p', p" be the three densities, 

a, y the depths of the common surfaces. 

Then p#=p'>-p'(y-#), 

or (p-p')x=(p"-p')y\ 

.*. p—p r and p"—p' are of the same sign. 

And if y >#, p" - p'<p - p' ; 

.•. the order of magnitude is p.p", p'. 

And these being in A.F., 

p-/=2(p"- P '); 
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19. Referring to Examination (9), the area whose c.G. is the centre 
of pressure becomes more nearly of uniform density as the plane area 
is lowered. Hence its c. g. approaches, and ultimately coincides with 
that of the area of uniform density. 

20. The whole pressure on the area is originally w . wr*. This is 
increased by a pressure tor per unit area uniformly distributed, the 
resultant being therefore vwr* at the centre. 

The two equal forces at the centre of pressure and centre of figure 
have a resultant whose line of action bisects the line joining these two 
points. 

21. Let x be the distance of the centre of pressure from the centre 

of the square. 

i _ 

The old pressure being - wa z at a depth - below the centre, and the 
increase of pressure being wa 2 b we have 

^ wa z +wa 2 b x= = wa z . ^ 
w=a a /(6« + 12&). 



D 



22. Produce AB, DC to meet in E. 

Let , DE=ha and .-. CE=h&. 

8 R 2 h R 

Pressure on ECB—w . ? . *-=- , and depth of centre of pressure =^ . 

Pressure on EDA=w. - . — , and depth of centre of pressure =^ . 
/. depth of centre of pressure of ABCD 

23. Let x be the height of the lower portion, h that of the triangle, 
w the intrinsic weight of water. 

The areas are as x 2 : h 2 . 

The depth of the eg. of the upper portion is 



».*-* 



h-x+- 



The pressure on it is J w (A 3 - Shx 2 + 2# 3 ). 
That on the lower portion is 

[(h-x) + U^\x 2 ^iwx 2 (Zh + llx). 



w\ 
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Equating these we obtain 

(A - 3x) (h 2 +Shx+ Zap) =0. 

The real root x =5 gives the solution of the present problem. 

o 

.'. the areas of the two portions are as 

Aa-tf 2 : #2=8: 1. 

24. Let 2h be the height of the floodgate, b its width; P, p the 
pressures at the upper and lower corners. 

2(P+p)=wh.2hb-w.^.kb=%wh 2 b i 

2p . 2h=*wh . 2hb . -^-w^.hb.-^ = ^wk z b; 

•"• V^-fewWb. 
P=\wh*b. 

25. Let p . p' be the densities, h the depth of each liquid. 
Then 3p.|=pA+p'|; 

26. The area of the curved surface =2^, r being the radius. Its 

T 

e.g. is at a depth ^. 

.*. whole pressure on it^vurr 3 . 

Area of base=7rr 2 and pressure per unit area on it is wr, .-. whole 
pressure =301^= that on the curved surface. 

27. Let a be the length of a side of the square, and let the two 
lower sides be produced to meet the surface of the liquid. 

The area of the triangle so formed is 2a 2 and its centre of pressure 
is at a depth aj,J2, the whole pressure being 

w . 2a 2 . — — = -~- wa z . 

Each of the two triangles added is of area a*/2 and has the centre of 

pressure at a depth a/2^2, the whole pressure on each being ^-^ vwP. 

6^2 

If x be the depth of the centre of pressure of the square, 

1 3 J _ 1 4 2 4 
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*-- _«. 

7 
= Yq diagonal of square. 

28. All the pressures on the curved surface of the cone are inclined 
at the same angle a to the horizontal, a being the semi- vertical angle of 
the cone. 

If therefore P be the whole pressure, its vertical component is 
P sin a, and this is the resultant pressure. 

It is therefore equal to the weight of the liquid which would fill the 
space between the cone and a cylinder on the same base with vertical 
generating lines. 

This weight is unaltered by mixing up the fluid and .*. P is un- 
altered by this process. 

29. If AB be the side in the surface CD the parallel side, by 
drawing one diagonal as AC we separate the trapezium into two tri- 
angles the centres of pressure on which are at depths 

| (for ABC) and ^ (for ACD). 

The whole pressures on them are ^ w . ah 2 and = wbhK 

If x be the depth of the centre of pressure of the trapezium, we have 

x - wak*+ = wbh? I = s wah % . 5 + « w&A 2 . — . 

2x(a+2b) = (a+Zb)k 
a + Zb k 



or x 



a+2b'2' 



30. Let x be the depth of the plane of division h the height of the 
cone, 2a the vertical angle. 

Whole pressure on curved surface of cone 

2h 2 
=w.7rA 2 tanaseca. -^ = - With* tan a sec a. 

On the upper part it is § wnx 3 tan a sec a. 

.-. #3= -A 3 or x=h/jJ2. 

In the second case, z being the distance from the vertex of the plane 
of division, 
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Whole pressure on curved surface of cone 

=w.irA 2 tanaseca. ^ = - wnh z tan a sec a. 
Pressure on lower part 

= w . nz 2 tan a sec a . ( h - — ) . 

as'-a^A-iA^o. 
(2*-A)(*2_^+| 2 \ =0 . 

.*. js=- the other values being imaginary. 

31. Let a be the radius of the tube, » 19 o> 2 > «3> the intrinsic weights 
of the fluids, p a , p Qi p the pressures at the three surfaces of separa- 
tion. 

These surfaces are at heights above the centre a cos a, a cos ft a cosy 
respectively, 

Pa ~Pa = ^s* ( cos a ~" cos £) 
p -jt?^ = »!« (cos /3 — cos y) 

£> — jp = a> 2 a ( cos y "" cos «)• 

Adding, and remembering that » 19 o> 2 , a> 3 are proportional to p lt p 2 , P3 
we obtain 

p x (cos /3 - cos y) +p 2 ( cos 7 ~~ °° s a ) +P3 C 008 a ~ °° s £) — 0. 

If there are equal quantities of each fluid, and a refers to the 
highest point of junction 

/3-a=120°, y+a=120°. 

And the weights on each side of the vertical diameter are equal, 

Paa+pg. 120° + Pl (60° -a) 

=p 2 (120<>-a)+p 1 (60 +a) 

or (p 2 - Ps) 600 = (P2 ~ Pi) «• 

And the former equation gives 

p x sin a+p 2 sin (60°-a) -p 3 sin (60°+a)=0. 

If a =30° both equations are satisfied and Pi+p 2 BB 2p s so that 
Pd Ps> Ps> ^ orm an A- p * 



dix. 
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32. Let a, b, c be the breadths of the sides of the prism, d, c, { the 
kagths of the edges. 

' P is proportional to a—~-^ i.e. to sin a — ^= , 

Q to sin £. *-^— , iStosiny — ^. 

.*. P cosec a + Q cosec £ + jR cosec y is proportional to d + c + f, which 
being three times the depth of the e.g. of the prism remains unchanged. 

33. Let a be the length of the edge of the cube, 
h the depth of the fluid in it, 

W the weight of a side, w the intrinsic weight of the fluid. 
The width of the surface of the fluid = a - h ; 

.*. the volume of the fluid —ah . = — =£aA (2a- h). 

Since this=Ja 3 , A=a (l--7o)» 

The pressure on the loose face is w . - . aA^/2. 

Its moment about the hinge =w -^ . -^- . 

The moment of the weight of the face— W . —.- . 
Equating these and inserting the value of A, 

j^,=4(V2-l) 8 =i(V2-7). 

34. Let the box be tilted through an angle 6. 

(i) About the edge on the same side as the hinge. 

t. .., asind , 

Pressure on hd=w. — - — . a 2 . 

Its moment about the hinge =w . - - fi - — . — . 

Moment of weight of lid about hinge— W, — - — ; 

W 
.\ when tan 0=§ — g the water begins to escape. 

(ii) About the edge diagonally opposite to the hinge. 

Moment of fluid pressure about hinge =«>. — 5 — . 5 ; 

W 
.". when tan 0=3 . — 3 the water begins to escape. 

B. E. H. 2 



.\ When tan 0=2 — 3 the water begins to escape. 
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(iii) About either of the other edges. 

Moment of fluid pressure about hinge =w . — 5 — . - . 

Moment of weight about hinge = TTcos B .-. 

W_ 

VXL 1 

These values of tan B are as 3 : 6 : 4. 

35. The volume of the wine = § x ^f = T \ that of the water. 

The density of the mixture^ 8 - 11 /"- 12 ^^. 

o t" JLX JL<7 

Taking the density of water as 12, 

The depth of pure wine=^ of the cylinder, 

That of the mixture = \ of the cylinder, and of water, J£ of the 
cylinder, 

The pressure on the curved surface in contact with the water is 
proportional to 

(ii"A+W-i+i2.H)H- 

That on the rest of the surface is proportional to 

ii.&.A+(ii.A+W-i)*. 

And these two quantities are equal. 

36. Let A be the area of the fluid surface, h the depth of the 
vertex below that surface in the first case. 

The area of surface in contact with fluid is — : . 

sin a 

_ . , ., h AcosB 

.\ Fluid pressure on it=w - . — -. . 

r 3 sin a 

Let A! be the area of the fluid surface, k the depth of the fluid when 

the cone is vertical. 

k A 1 
The fluid pressure=w . ^ . -. — . 
r 3 sin a 

But A' . ifc= A . h since the volume of fluid is the same. 

.*. The pressure is changed in the ratio cos 4:1. 

37. The resultant pressure on the curved surface is due to the 
weight of the fluid and the upward pressure of the base, which are equal 
and opposite parallel forces of magnitude W, and the distance between 
their lines of action is £A tan a. 



CHAPTER IV. 
Examination, 

5. The c. g. of the two weights must be at the middle of the plank. 

7. One-third of the cylinder must be immersed ; 

.'.its length is 12 feet 

8. The specific gravities of the fluids are respectively £ and £ that 
of the solid, and are .\ as 16 : 15. 

9. In each case the force is equal to the weight of the water 
displaced by six inches of the cylinder, i.e. by one-third of its own 
weight. 

10. One-half the perimeter of the triangle must be immersed, i.e. 
3/4 of each of the two lower sides. 

12. One-half the sphere is immersed, equilibrium being established 
with the nail at the highest point (unstable) or at the lowest point 
(stable). 

13. The density of ice being about nine-tenths of the density of 
water, it is clear that the centre of the sphere is below the surface of 
the water. 

Assuming that the spherical form is maintained, the sphere will 
melt down to a particle in the surface. The centre of the sphere there 
fore rises. 

14. If a? cubic feet be the required volume : 
Volume of water displaced =4+# cubic feet. 

.*. 4+#=4. £+#.£. 

15. The pressure is that of the wood and superincumbent volume 
of water, which is of equal volume with the wood. 

16. The water will flow from that vessel in which the pressure at 
the base is the greater, and in order that the equilibrium may not be 
disturbed, the heights of the liquids must be inversely as their intrinsic 
weights. 

2—2 
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17. Let F, V\ be the volumes, c, <r' their specific gravities, 8 the 
sp. gr. of water. 

The weights of the two bodies in water being equal 

F((r-*)=F' ((/-*), 

or if, = 



V <r-8 



Examples. 

1. The volume immersed is equal to that not immersed, and the 
c. g. of the part immersed coincides with that of the fluid displaced, so 
that the c. g.'s of the two halves are in a vertical line. Hence, if 
inverted, the solid will float in equilibrium. 

2. Let the volume of the granite be x cubic yards. 

•918 (1 - *) + 2-6507 = f | = -92. 

3. Half the area of the triangle must be immersed. 

,\ The altitude is divided by the surface of the liquid in the ratio 

W2-1. 

4. Half the volume of the cone being immersed in each case, the 
portions of the axis immersed are in the ratio 

1:^2-1. 

5. Let w be the weight of the body. 

Then w-w x : w — w 2 : w— w 3 :: 8 X :* 2 :* 3 . 

6. J of AB is above the surface and .'. J of the triangle. 

If its density be p, and that of the liquid unitv, taking moments 
about A of the weight of the lamina and of the displaced fluid 

7. Let h be the depth of the upper liquid, x the length of the 
cylinder in the lower liquid, ,\ 2h-x that in the upper. 

^.2A=(2A-^)p+^.2p, 
giving #=f h, i.e. one-quarter of the cylinder is in the upper liquid. 
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8. The c. g. of the weighted rod is one-third of its length from the 
weighted end. 

.*. The c. g. of the displaced liquid is at this point. 

.*. Two-thirds of the length of the rod is immersed and the density 
of the liquid =§ density of weighted rod= J that of the wood. 

9. Let U be the volume not immersed, V the volume immersed, s 
the sp. gr. 

Then Us is given and ( U+ V)s= Vx 1 ; 

... ir+pwJ+jij.J^, 

which is least when 8= £. 

x 10. Weight of water to be displaced is that of 

9 9 1000_376tt 
7r '4-2'l i 728~"64" OZS - 

.*. The required weight =( ~st~ ~ 8 J ozs. wt. 

11. Evidently one-half that in the previous example. 

12. The c. g. of the weighted rod, and /.of the displaced fluid, is 
one-quarter the length of the rod from the weighted end. 

.*. One-half the rod is immersed. 

.*. The weight of fluid displaced by half the rod is double the weight 
of the rod. 

.*. The density of the fluid is four times that of the rod. 

13. The tension of the string = weight of rod-weijght of water 
displaced, and is therefore not changed when the inclination is 
changed. 

14. Let r, / be the internal and external radii, <r, p the densities 
of the shell and of water. 

.'. <r:p=r ,3 :2(/ 3 -r 3 ). 

15. Let w, vf be the weights of the cone and of the displaced fluid. 
w - vf is the magnitude of the required force. 

If x be the distance of its line of action from the c. g. of the solid 
cone, 



(w-u/)x=io(^h-2fij=u>i2- 



w 



w — w' 12 * 
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16. $ of the volume of the cone being immersed, ^ of it is above 
the surface, i.e. § of the axis is above the surface. 

17. Let cr, p, be the intrinsic weights of the lamina and fluid, 2 A 
the area of the lamina, w the weight attached. 

BD being the perpendicular from B on AC, let AC=d, AD=x. 

w+2A<r=Ap. 

The distance of A from the vertical through the c. g. of the half 
immersed is 



3L 2 J* 



a x+d . _ A d 

.'. Ap. —z—=wx+2A<r . 5 . 
3 2 

.'. p = 3o\ 

18. Let <r, p, be the intrinsic weights of paraboloid and liquid, h 
the height of the paraboloid, x that of the portion immersed. Area of 
base of paraboloid varies as the height. 

.*. px 2 =<rh? 

or #=A . /- . 

V P 

19. Let W be the weight of ship and cargo, in tons wt. 
V the volume immersed, in cubic feet. 

A the area of the water line section, in square feet. 

(1025) V ^^^WJV^\^- 

A j$ 625 , A 
•24 # 2240~ 4a 

Eliminating A and Fwe obtain TF=2186§. 

20. Let 2k be the height of the required cylinder. 
Half of it being immersed, 

, r* k 

21. The pressure on the lower half of the curved surface is vertical, 
and bears to the weight of the water in the cylinder the ratio, 
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since it is in equilibrium with the weight of the water in the lower half 
and the pressures on the horizontal plane separating the two halves. 
The latter pressure is that due to a depth r of water all over the surface 
of separation. When the cylinder is vertical, the pressure on one-half 
the curved surface is horizontal and balan,ces the pressure on the 
diametral plane. It acts .*. at a point in the axis § of its length 
from the top, and is to the weight of the water contained in the 
cylinder as twice the height to the perimeter. 

22. The greatest height is when the c. g. of the whole solid 
coincides with the centre of the hemisphere. 

h being the height of the cylinder, r its radius 

.\ A=r/V2. 

23. Let V be the whole volume of the body. 

<r, p, the intrinsic weights of the body and fluid. . 

• P2-P8 » P8-Pl , Pl~P2 _Q 

24. The volume of water displaced by box and float is 5*34 cub. ins. 
The weight of the float is equal to that of 2*17 cub. ins. of water, 
therefore that of the box is equal to that of 3*17 cub. ins. of water. 

The volume of metal is 

l-(t) 8 =HJcub.in. 
.•. Itssp.gr. is 3'17-r?JJ= 10*557... 

25. Let A square feet be the area of the section in the neighbour- 
hood of the water line, V the volume immersed at first, and x the rise 
in feet in passing from fresh to sea water. 

_, . 1 62-5 „ 

^ ^l2-2240 =30 ' 

62-5 T7 64 ,_ .. m 
2240 2240 v ' ' 

and 600=(2-*)g^. 

It will be found from these equations that 

*- jg|i and ^=5720. 
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26. Volume of frustum = £ that of complete cone. 

Volume of part immersed = fj - §■ = J£ that of cone. 
.\ Density of cone : that of fluid =19 : 56. 

27. Expressing the same condition as in (22), 

3^.^ = 3^.-. 
,\ h=y/3.r. 

28. (r, p, being intrinsic weights of rods and fluid. 
a the length of each rod, a the sectional area. 

Moment of fluid pressures about hinge 

a 1 , fa a 2\ aap/a' 1 a*j5\ 
=aa - '• 2 • Jh +<U * V6 + 2 * TSj + "TV* • 76 + "TV 

2 31 
=a ^8V6' 
Moment of weight of rods about hinge 

"^ (276 + ^) + aa<r ' IT^ W5. 
.\ <r: p=31 : 40. 

29. Let the surface of the fluid meet AC in D. 

Since the pressures of the fluid and the weight of the triangle act 
vertically through the c. g.'s of BCB, BAG respectively, these c. g.'s are 
in a vertical line. .\ AC is vertical, and .*. perpendicular to BD. 

And density of fluid : density of triangle 

=AC : CD=AC:CBGoa C=ainB: sin A cos C. 

30. Since all the pressures on the curved surface make the same 
angle with the vertical, the whole pressure and the resultant pressure 
are proportional. 

Now the resultant pressure is the weight of the cone, .*. the whole 
pressure is constant. 

31. Let 0-, o, p', be the intrinsic weights of the solid and of the two 
fluids, h the height of the cylinder, x the length of it in the lower fluid. 

(h-x)p+xp'=hr, 
#z=h. —. — -♦ 
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If p be increased, x is diminished, i.e. the cylinder rises. If x 
becomes x + d, the upward pressure on the cylinder is proportional to 

(£-.a?-d)p + (#+&) p'=A<r+d(p'-p), 

i.e. such as to urge the cylinder back towards equilibrium. .\ the 
equilibrium is stable. 

32. Let the surface of the fluid intersect the rods in 2), E. 

Let P be the stress at B in a vertical direction, <r, p, the intrinsic 
weights of the rods and fluid. 

Then P+p.CE=<r.BC. 

And, taking moments about B for the rod BC, 

;. p:<r-BC:CE(l+ B ^\=BC*:BC*-BE i , 

_ BE. CE 
P "P~BC' • 

Taking moments about A for the rod AB 9 

PA A 7) 

P.BA+<r.BA.2f=p.AD.^. 
Whence AD* = CE (2BE+ BC\ 

and AD 2 : 42P-3--2+2 K \-- . 

p V p 

This being less than unity 

<r : p < 5 : 9. 

Instead of introducing the stress at 2?, we might have taken 
moments about A for the equilibrium of the system, and about B 
for the rod BC. 

33. Let the side A C be divided in the ratio x : 1 - x, by the surface 
of the fluid in the first position. 

Then <r=(l-#) 2 . 

In the second position the area immersed is l-x 2 times that of the 
triangle. 

.*. The pressure on the hinge = weight of displaced fluid - W 
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34. It is only necessary that the upward pressure due to these two 
liquids should be unaltered in amount and line of action. 

This requires that the c. g. of these two portions should be in a 
vertical line and that their sp. grs. should be such that their combined 
weights may be equal to that of the water which is to replace one of 
them. 

If the sp. gr. of the solid be alterable, the latter condition need not 
be satisfied, since a reduction or increase of its total weight will effect 
the necessary adjustment of the balancing forces. 

Let the fraction x of the iron float in the lighter, and therefore 1 — x 
in the heavier liquid. We have then 

•8#+ 13-6(1 -x) =7-8, 

/. 5-8=12-ar, 

If * be the required sp. gr., 

0.#+l -#=*, 

Ratio of parts immersed =29 : 35. 

35. The weight of fluid displaced by half the cone is equal to its 
own weight, and the c. g. of the displaced fluid is vertically below that 
of the cone. 

Let r be the radius of the base, 2a the vertical angle of the cone. 

The w^hole pressure on the curved surface immersed is 

1 „ 4r 2 , 

w . 5 rfp cosec a . jr- = = w . r 3 cosec a. 
Z &n 3 

4t* 
Hence the c. g. of the curved surface is at a depth — . 

37T 

The pressure on the half of the flat end which is immersed is 

1 4r 2 

36. Let r be the radius of the base. 
The pressure on it is w . wr 2 . r cos a. 

The horizontal and vertical components of this are 

w . wr 3 . cos 2 a, w . irr 3 sin a . cos a. 

Hence the horizontal and vertical components of the resultant 
pressure on the curved surface are 

w.irr*coa 2 a and \w . irr 3 cot a — w . ttt 3 sin a . cos a. 

\ cot a — sin a . cos a , a . 

. * . s . tan a = l 

cos 2 a 

or (1-3 sin 2 a) tan 0=3 sin a. cos a. 
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37. The pressure on the vertical dividing plane is 

This is the horizontal component of the resultant pressure on half 
the curved surface. 

All the pressures pass through the centre, and therefore the resultant 
does so likewise. 

It acts by symmetry in a plane perpendicular to the dividing plane. 

Its vertical component is Jaw 3 . 

.'. It makes an angle tan -1 § with the vertical. 

Its magnitude is 

^— wirr 3 =^j- x weight of liquid in sphere. 

38. Using the result just obtained, the moment of the resultant 
pressure on one-half about the hinge is 

If T be the tension of the string 

. ' . T= \uwfi = I weight of liquid. 

39. The pressure on the plane face is w . hf 2 tan a . h'/3*=$wk* tan a 
and acts at a point on the axis at depth h'/2. 

The resultant vertical pressure on the curved surface is 

w . %nh' s tan 2 a. 

.*. Moment about hinge of pressure on immersed surface 

= « i07r# 3 tan 2 a. H = whPt&na . ■= 

1 

= - wh ri tan a . sec 2 a. 
o 

If this exceed - wvhP tan 2 a . the parts will not separate, this 

D It 

quantity being the moment of the weight of half the cone, 
i.e. if h' sec 2 a > h tan 3 a 

or A'>Asin 2 a. 

40. (W-F) 2 +Q* is the square of the resultant pressure on the 
circular base, wnich is constant so long as its centre remains unmoved. 
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41. Let h be the height of the cone, r the radius of the base. 

The resultant vertical pressure on the horizontal section through 
the axis is whr 2 . 

The weight of the contained fluid 

.*. The resultant vertical pressure on the upper half of the curved 
surface 

= (weight of fluid in cone) ( — ^ ) . 

42. Let a be the inclination of the axis to the vertical, h its length, 
A the sectional area, W the weight of the fluid displaced. 

Difference of pressure on ends 

=w. A cos a. .4= IF cos a. 
Resultant horizontal pressure on the curved surface 

= W sin a cos a. 
.*. Resultant vertical pressure on the curved surface 

= PF«sin 2 a. 
.*. The resultant is inclined to the vertical at an angle 

2~ a ' 
as is evident, since every part of it is perpendicular to the axis. 

43. Volume not immersed : volume of cone 

= 1: 2^2 = 1 :(V2)3. 

Let ABC be a principal section of the cone, A the vertex, B being 
in the surface, ABC being an equilateral triangle. 

Since the c. g.'s of the whole cone and of the unimmersed portion 
are in a vertical line, AC is vertical. 

The volume of the unimmersed portion 

= ^-j^ . -^ x that of the whole cone, 
since the area of the section perpendicular to AC is 

£-j- of the base. 

Hence the given condition is satisfied. 

44. If B be the semi-vertical angle, r the radius of the base, h the 
height, 

o h _ irr 2 h 

^•4~sm^•l2 , 
.*. d^sin^Jsscosec^S. 
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45. Let A be the area of the disc, r the radius of the sphere, <r its 
specific gravity, h the depth of water in the vessel 

Then Ah=frrH\-o). 

If the sphere be in contact with the disc and only just immersed, 
A=2r, and the equation becomes 

4-|.«r > (l-<r). 

46. If 6 is the inclination of the deck to the horizon 

and the restorative moment of fluid pressure =9000 h sin 6, h being the 
metacentric height. 

The moment of the 20 tons is 20 x 21 cos 6, 

, .-. A=M=2-24feet. 



CHAPTER V. 
Examination. 



C F-m R , ~ , A0 

1. - = — g_ = _,and^=40°, 

.\£=3°$, tf=4°$. 

1 O.KfJQ 

2. The required height = x 30=72*7 inches nearly. 

3. The pressure on each square inch is 1728 times as great as 
before. .*. the pressures on a side are as 1 : 12. 

4. p=kp(l+at). 

The volume is reduced to one-eighth, and .\ the density is increased 
8-fold. .\ the pressure is 8 (1 +at) times as great. The surface of the 
smaller sphere is J that of the larger, 

.*. the pressure on it is 2 (1 +at) times that on the larger. 

5. A small aperture made at the highest point of a siphon would 
cause the liquid to flow out of each arm. 

6. The column would be longer, as the vertical distance between 
the top and bottom of it must remain the same. 

C _F-32_ . F+C-32 _ 32 

7. 5"~9~"-- 14 14' * + C7 - a 

.\jF=11°¥, C= -ll°f. 

8. It would be impossible to employ a siphon for the purpose of 
carrying fluids over heights exceeding five-sixths of those for which it 
can ordinarily be used at the sea-level. 

9. (i) No effect, if the top of the siphon is less than 30 inches 
above the openings of the ends. 

(ii) The mercury flows out of that end which is the lower. 

10. The pressure is increased or decreased by an amount obtained 
by multiplying the area of the surfaces by the increase or decrease of 
the atmospheric pressure. 
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11. The wood, since it displaces more air and therefore experiences 
a greater upward pressure. 

12. If the aperture be made in the longer branch above the level of 
the mercury in the shorter branch, the mercury above it will either pass 
to the closed end of the tube, or if the tube and hole be large, will run 
out. 

If the hole be below the surface of the mercury in the shorter branch, 
some mercury will flow out till the level in the shorter branch is that of 
the aperture, unless the tube and aperture be large, in which case the 
mercury may not only fall a little in the longer arm, but may allow air 
to pass to the top of the tube and all that is above the aperture may 
run out. 

If the hole be made in the shorter branch, the level falls in the 
longer branch, till its height above the hole is equal to what it was 
previously above the free surface, mercury meanwhile running out till 
the new surface is on a level with the aperture. 

13. In each case to admit air above the surface of liquid in the 
vessel, so that it may more readily flow out. 

14 Required force =7r . 81 . ^=1909 lbs. nearly. 

15. At the same level, since the weight of the glass is equal to that 
of the mercury displaced. 

16. Not unless the top of the siphon is so near the greatest height 
over which it can carry the liquid for which it is being used, that the 
fall in the barometer reduces the possible height below the actual. 

17. The weight of the displaced air being diminished, the tension of 
the string will be increased. 

18. The volume is decreased to £ of its original value 

■?*$ _ 33jxl 
'""' 273+16 "273+50 

5 133 289 
^44 323 

= 37^ inches of mercury. 

19. Let V be the volume of the body. TTits weight, w the intrinsic 
weight of air when the barometric height is A. ,\ -j-w when the baro- 
metric height is k'. 

Then wV=- W 

m 
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which is the fraction of the weight lost when the barometric height 
is h'. 

20. The liquid is of exactly one-half the sp. gr. of mercury and 
can therefore be carried over double the height by a siphon, i.e. over 
five feet. 

21. The expansion is thirty-fold. Hence the pressure becomes 
one-thirtieth or J ton wt. per sq. in. 

22. At the end of the change of temperature the pressure has been 
increased in the ratio 1*3665 to 1. 

The ratio of increase during the second rise of temperature is 
therefore 

1-3665 : 1-03665 

=9110 : 6911. 

23. If the volume of v litres atiO°, at the pressure due to 760 mm., 
change to V litres at f to h. mm. 

vx760 V.h 



273 273 +*' 

•'• v = v *m {l+at)wherea= ¥i3- 



The number of grammes is therefore 

1-293187 



760(l+<rf) 



FA=-0017...FA/(l+aO. 



24. The pressure 10 feet below the surface exceeds that at the 

. , 10x30 . , . 
surface by =^= — ^ K mches of mercury 

=8f inches. 

350 
.*. the volume becomes -=- x -0001 cub. in. 

— -0001296 cub. in. 

25. The density of water being 62*5, that of air is O013 x 62*5. 

The pressure on a square foot is the weight of 2£ cubic feet of 
mercury =2-5 x 13*568 x 625 lbs. wt. 

# 13-568 x 62-5 x 2-5 339200 

'"• -0013x62-5 " 13 

=26092 very nearly. 
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Examples. 

1. The volume is increased and .'. density diminished in the ratio 
1 : n\ 

.*. the pressure is altered in the ratio n z :\+at. 

2. The pressure being constant, the density varies inversely as the 
absolute temperature. 

3. If A is the area of the piston, W its weight, h the height of the 
cylinder, x the height of the piston in equilibrium, n, n' the pressures 
of the air outside and inside 

HA»n'a?, and W**n'A-1lA. 

4. Let W be the weight, A the area of the piston, 2a the length of 
the cylinder, x the height above the base at which the piston is in 
equilibrium, p the density of the air when the piston is in the middle. 

If we write kpA =m W 9 

the equation becomes 

x* - 2ax + 2ma (a — x) = 0. 

5. The increase of pressure is kpat per unit area. 

6. The pressures are as. A :h\ and therefore the densities of the air 
are in this ratio. 

7. Let n be the external air-pressure, W the weight of the piston, 
A its area, X the modulus of elasticity, a the natural length of the 
string, t the increase of temperature, x the increase of length of the 
string. 

Increase of pressure of air within 

= (1 + at) — 1 \x original pressure. 

X 

Increase of tension of string =X -. 



And original pressure =H4+ W. 

\x aat-x 



. . 



(JtA + Wj. 



a a+x 

8. Let x be the fraction of the cylinder immersed when the air is 

admitted. 

x+(l-x) -0013=1. 

The length above the surface is changed in the ratio *25 : 1 -x 

= -9987 : 1. 

B. E. H. 3 
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9. (i) It rises so long as the density of the air remains less than 
that of water. 

(ii) It falls. 

10. Suppose the water to rise x feet. 

15 : 15-,a?=33i+15-tf : 33f. 
.-. 4s 3 -255#+900=0. 
The lesser root is 0=3}. 
The greater root is 60, which cannot apply to the present problem. 

11. The hexagonal base contains six equilateral triangles, each 
one-fourth that into which the hexagon is deformed. 

.*. The pressure is increased in the ratio 6 : 4, i.e. 3 : 2. 

12. The pressure must be increased to 8 times its former value, 
i.e. the glass must be immersed to a depth 7A, where k is the height of 
the water barometer. 

13. The increased pressure causes the air in the envelope to 
decrease in volume. 

14. Let a be the depth to which the original open surface of the 
mercury is lowered, w> v/ the intrinsic weights of water and mercury, k, 
K the sectional areas of the tube. 

If x be the increase of height of the mercury, x is made up of a rise 
of Kx/(K+k) in the tube, and a fall of kx/(K+k) in the reservoir. 






w 
.*. x=a 



If W be the weight of barometer and tube, W the weight of an 
equal volume of water, 

Tension of string = W - W + i^j-r, • 

If a be increased, x is increased, .*. tension is increased. 

15. Let x be the distance of the piston from its former position 
p the density of the atmosphere. 

Then p  — p=p cos a. 

a—x a+x r r 

Whence x = a [(1 + sec 2 a)* - sec a]. 
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16. Let a be the length of the cylinder, b the length of it originally 
immersed, x the height of the water, n the atmospheric pressure, h the 
height of the water-barometer. 

a — b x 

— -n+ T n=n. 

d — X It 

.\ xP-fa+fyx+bh^O 
determines the height x. 

17. Let a be the length of each barometer, x, y the lengths of the 
tubes occupied by the air under a pressure equal to that of a length I of 
mercury. 

a-h a-k ' 

a—h a—Jc 

h-k h'-tf m h-k h'-V 
..x.y— a _^ a _j c - a _# a-k 9 

supposing the temperature the same at the two observations. 

18. Let x cubic inches be the required volume. 
The pressure is 

32-5+^ 

— x atmospheric pressure. 



32 



x32 ( 32 ~ 5 +il)* 



20 _^ 

''" 273+87" 273+15 

Whence #=17*96... cubic inches. 

19. (i) If 2a be the edge of the cube, the radius of the sphere is 
V3.a. 

.*. The volume is decreased from 4 *JZna z to 8a 3 . 

The pressure is increased from p (say) to ~- p. 

The areas are \%t<& and 24a 2 respectively. 

.'. The whole pressures are IZncPp and \%na*p . ^3 

i.e. as 1 to ^3. 

4ir 
(ii) The volume is decreased from 8a 3 to ^ a 3 . 

o 

The pressure is increased in the ratio n : 6. 

The surfaces are 24a 2 and 4ira 2 respectively, and therefore the whole 
pressures are equal. 

3—2 
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20. Let the pressure be or when the length a of the cylinder is 
occupied. It will be t w when the length b is occupied. 

The areas of surface are op, bp, if p be the perimeter. 

.*. The whole pressure is map in each case, Le. it is unaltered by 
moving the disc. 

21. The formula z—klogj, 

gives 2700=#log^=Hog — . 

If x feet be the altitude corresponding to the height 21*87 of the 
barometer 

=3*log- 
=8100 feet. 

22. If a cubic centimetre be the unit of length, the density of water 
is unity. .\ that of air is "00129. 

The pressure on one square centimetre = the weight of 75*9 cub. cm. 
of mercury 

=75*9 x 13*596 grammes weight 
= 1031*9364 grammes weight 
=•00128992... x weight of 800 kilogrammes, 
which is almost exactly 00129 the numerical value of the density. 

23. The absolute zero of Fahrenheit's scale is -459°*4. 

1728 
The volume of 1 lb. of air is .,_._ cub. in. when the absolute tem- 

*07bo 

perature is 521°*4 and the pressure per sq. in. is the weight of 30 cub. 

r 30x13*596 Mriu . 

in. of mercury = — r^x — x 62*5 lbs. wt. 

30 x 13*596 x 62*5 x 1728 
'"' 1728 x -0763x521-4 

300 x 13596 x 625 .„ . . 
763^5214 ™>-*^7' 

24. Let 29+d* inches be the length of the tube. 

Then #-*4 measures the volume of the air under a pressure *4 
inches of mercury. 
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And #-*9 measures the volume under a pressure *5 inches of 
mercury. 

.*. •4#- , 16=*5#- , 45 

The pressure of the air when 2*9 inches is occupied by it is 

2 . 9 =29= '3448... inches. 

.-. the true reading when the barometer stands at 29 inches is 
29*345 very nearly. 

25. The pressure at all points of the same horizontal plane must 
be the same. Hence points below the surface of the water where the 
barometer stands lowest will be on the same level as those in the 
surface where the barometer is highest. 

In 50 miles the barometer varies 05 inch which corresponds to a 
pressure of *6784 inch of water, which is therefore the greatest rise 
above the mean level. 

26. We have <7=X.5=X 2 .4. 

Let x, y be the lengths of the parts of the tube of area A y B, and let 
z be the length of the upper part filled with mercury when the middle 
part is just filled with glycerine. 

The equivalent height of the mercury barometer is 

x+py+z. 

If z increase to z+u, a volume Cu of glycerine rises out of the 
middle part and therefore an equal volume of mercury enters it, filling 

a length -^u=\u. 

.*. Equivalent height of mercury barometer is now 

The change in height of an ordinary barometer is thus 

.*. the sensitiveness is greater in the ratio 

1 : \+fi—\p. 
A similar calculation proves the same for a fall of the barometer. 



CHAPTER VI. 
Examination. 

1. The pressure is increased threefold approximately. 
.'. the air occupies one-third of its former volume. 

2. The air will flow out, for its pressure is equal to the pressure of 
the water within the bell, Le. is greater than that of the water at the 
top of the bell. 

3. To a height not exceeding that of the mercurial barometer. 

4. Area of piston .4 =64 times that of the plunger C. 
Pressure on plunger =4 x 2=8 lbs. 

.*. pressure on piston =64 x 8=512 lbs. wt. 

5. The density is diminished by each stroke in the ratio 5 : 4. 

/4\3 64 
^ ow Is) ^ 12* ' **©• slightly exceeds £ 

and ( £ ) = =5£ , i.e. is considerably less than £. 

.*. the density is diminished one-half early in the fourth stroke. 

7. The manometer has to register a pressure exceeding that of the 
atmosphere by three times. 

,\ its length must be not less than f x 30=45 inches. 

[n'-n=2t<w, see Art. 117.] 

8. Weight of water discharged per minute 

1 5 Q 1000 50007T., 
==ir '4-2' 8 -T6" = "l6" lbs - 
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9. Weight of water discharged per minute 

_» 3 1000 300Qir 1Ugi 
*"4-2- a - 16 -*" 16 ^ 

since the effective range of the piston is only 

33-31$=! feet. 

10. The exhaustion is accompanied by cooling which is sometimes 
sufficient to cause condensation of the vapour. 

/4\6 io24 

11. The density has become ( * ) = oTok °* * te original amount. 

. *. 5T ^=»*67232 of the air has been pumped out. 

12. The increased pressure, due to the escape of carbonic acid gas, 
would drive out some of the water and .*. the displacement being 
increased without increase of weight, the tension of the rope would be 
diminished. 

13. Let x feet be occupied by air. 

x 33 



5 52+a?' 
a*+62a?-165=0, 

(*+55)(#-3)=:0, 
07=3 as the negative root cannot apply to this problem. 

14 The float rises out of the water as the water rises higher in the 
bell, owing to the increase of density of the air displaced by the upper 
part of it. 

Examples. 
P-P 

1. Weight of water displaced = — ^— x TF = P-P, 

.*. the bell is in equilibrium, and as in Art. 184 this equilibrium is 
unstable. 

2. After three strokes, the height of the mercury 

8=8 (l) x30s=12 § mcllosnearl y- 

3. Let h be the height of the barometer in inches, x the rise after 
four strokes. 
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The pressure in the tube after three strokes « that due to a 
column y °f mercury. .". pressure in receiver is due to the column 

T +55 

hilt £3-14.3^ • ^- 1 4. 6 

but 7- 1+8 2' -A~6 + M' 

bh 20 
. 3 + 3 ""* 15 15 a? 5 20 

" r~ " 15-a? or 15-tf + A""3 + 3* - 

If A » 30 inches, #=6*1 inches nearly. 

4. Let J. be the sectional area of the bell, and suppose the air to 
occupy x+u feet when the bucket has been drawn up. 

The pressure is now increased from h+a+x to h+a+x+u. 

.*. The volume is decreased to 

h+a+x 



h+a+x+u 
,\ Volume of water is 



^=^(l- A -^)q.p. 



a A . x \ a h+a+Zx 
Auil + f- — i—Au-r- — . 

\ h+a+x) h+a+x 



The increased displacement is Au, the weight of which is 

h+a+x 



W. 



h+a+2x* 



This is the increase of upward pressure, but there is an additional 
weight W. 

.*. The tension of the rope increases by 

Wx 
h+a+2x' 

5. The level of the water rises in the bell, and there is therefore 
less displacement, so that the tension is from this cause increased. On 
the other hand the tension is diminished by the weight of the man, 
who is no longer supported by the bell. 

If we consider the average intrinsic weight of the man to be equal 
to that of water, it will be seen that the tension is diminished. 

6. h being the height of the water-barometer, 
— . h is the depth to which the bell is sunk. 



m 
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At the end of one second the depth is 

r h+n feet. 

.*. the amount of air to be pumped in 

m 



m h 



\ mj h 



w-1 

7. Let the length of the stroke be x feet. 

4*7^33 
10 23* 
•'. #=3f£=3 feet 7 inches about 

8. Let x be the depth to which the bell is immersed, y the depth 
of water in it. 

' <rh+p (x-y)=*<rk'. 

k , ah' 

And ss -r ; 

a-y h 

hence o?=-(A'-A)+a— tj— = (- + pj(A'-A). 

9. Let a be the length originally occupied by air, 

h the height of the barometer, 

p the density of the atmosphere, 

p n the density in the receiver after n strokes of the piston, 

x the difference of height required. 

x 
a-f- is the length now occupied by air, 

ah __pn , 

* •+! ~* = ' 

or jc 2 +2a(a?-A)+~A(2a+^)=0. 

P 

10. Let F, i> be the volumes of the receiver and barrel, J. the area, 
w the weight of the valve, n the atmospheric pressure. The pressure 
in the barrel when the fraction x of the nth descent remains to be 



1/7 \n-l 
accomplished is - ( yTT) n * 



If the valve begins to open at this point, this pressure = w/ A ; 
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11. Let <r be the density in the receiver at any time. 

if <r^:h> a 



/3 ^^a+A 
the two parts of the barrel will never communicate ; 

.-. the limiting density is p . (n+A) ^ +A) . 

12. The density after n strokes of the piston being p n , let the 
fraction x of the stroke be completed when the valve opens. Then 

** = (zis)" p; 

B{l-x)p=B Pn ; 

The pressure below the piston 

A ^x atmospheric pressure. 



A+Bx p 

.*. tension of piston rod : atmospheric pressure on piston 

A f A 
A+Bx* \A+Bj 



--^•(^•" 



\A+BJ :1 \A+BJ 'A+B' 



=1- 

uv nv . 

13. We must have — = -— — - ; 

t t+x 

since the pressure within the bell is —r and i/ is unchanged, 

•' t~nv' 

AB 

14. The pressure ^-^p x atmospheric pressure. 

AC 
Increase of pressure = -^m x atmospheric pressure. 

/.if the pressure increases uniformly, 

AC : CB increases uniformly. 

15. The pressure is doubled by 20 strokes of the condenser. It is 

/20\ 14 
then decreased in the ratio ( ==- J by 14 strokes of the pump. 

^J = -50506...= about £. 
i.e. the density is approximately restored to its original value. 



j 
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16. The density increases in a. p. after each stroka 

.'. The volume of the air in the condenser, and hence its length, 
decreases in h.p. 

Let p p be the density in the condenser after p strokes. 

In the next stroke a volume V at density pp and a volume v+x at 
density p are condensed into a space V+v. 

•'• ftH-l(P+»)-P (*+*)+/* Fi 



Pp+i 



/V+v\p +1 /V+vY v+x/V+v\» 



/V+v\ % v+x 






-l 






P* 



[ g+g _ x / F VH 



And the pressure is 



^--A-m 
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Examination. 



1. The mass of water displaced by the solid must be 7 lbs. ; 
.*. its sp. gr* is to that of water as 5 : 7. 

2. The mass of A displaced by the solid is 9 lbs., and the mass of B 
displaced is 7 lbs. 



.*. the sp. gr.'s of A and B are as 9 : 7. 
3 - ( 6 -^6)*i = ( 6 ~2%)*- 



4. If V is the volume of cork required and V the volume of the 

iron, >x 7-6x^9=6, 

lo 

and Fx-Mx-j^+e-CF+F) 1(f ; .-. 7=^. 

5. Equal volumes of the body, water, and spirit weigh 250, 210 and 
200 grains respectively. 

.\ the sp. gr.'s of the body and the spirit are ^r- and — . 

6. If k is the sectional area of the stem of the hydrometer, and if 
s is the sp. gr. of the liquid, 

(7-*a)(62-5)= W 9 and (F-*a+^)(62'5)*= W+w. 

.-. 8(W+G2-W)=W+w. 

7. The weights of water and spirit displaced are respectively equal 
to the weights of 200 grains and of 160 grams ; 

4 
the sp. gr. is therefore ■= . 
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8. The weight of water displaced by the wood is equal to the 

weight of 25 oz. ; and the weight of the metal in vacuum is equal to 

the weight of 20 oz. ; 

4 
.*. the sp. gr. of the wood is ^ . 

9. Whole weight of water displaced is equal to the weight of 

(57 +42 -38) lbs., i.e. of 61 lbs. 
The silver displaces the weight of 4 lbs ; 

.*. the wood displaces the weight of 57 lbs., and its sp. gr.=that of 
water. 

Examples. 

1. If it is the weight of the material, 4w is the weight of the sinker 
in water; 

.-. 2w is the weight of water displaced by the material, and its sp. 
gr. is *5. 

2. The volume of the metal— 1 - f -] cubic inches. 

4*34 
Its weight = that of 1 + -~-> or 3*17 cubic inches of water. 

729 
.*. its sp. gr. = g ,,_ x 3*17 = 10*65 nearly. 

3. There are 8*22 - 6*3 or 1*92 grains of wax. 

The mass of a volume of water equal to the volume of the wax is 
therefore 2 grains. 

The displacement of water by the two is 8*22 - 3*02, or 5'2 grains. 

.*. the mass of a volume of water equal to the volume of the salt is 

6*3 
3*2, and the sp. gr. is — : or 1*96875. 

o*^ 

4. The ratio is 7 : 7£ or 14 : 5. 

5. A quantity of liquid equal in volume to the solid weighs 1 J oz. 
.*. sp. gr. of solid : that of liquid : : 4 : 3. 

6. Let w^, w 2 , Wo be the weights of the gold, the diamond, and a 
ruby respectively ; then, taking the weight of a grain as the unit of 
weight, 

y>\ + *02 + 2w"s-*44£. 

i6i + 3i + ir- 6 *- 
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The weight of a ruby in water is that of two grains ; .*. in air it is 
that of 3 grains. 

Hence w 2 =5J. 

7. Let x gallons of water be mixed with one of whiskey, 

•75+a?=*8(l+#), .\ #='25, 
and price should be £ of 16, or 12$ shillings per gallon. 

8. Let V be the original volume of the instrument, x the volume 
not immersed in water, x+u the volume not immersed in liquid of sp. 

V-x=(V-x-u) 1*002. 
601w=F-a?. 
The mass was originally p ( V— x). 
It is now p ( F— #— u\ 

p being the density of water. 

.*. the fraction = — = =zrr has been knocked off. 

V-x 501 

9. Let V be the volume of the hydrometer, a the sectional area of 
the stem. 

(F-aa)p 1 =(F-6a)p 2 =(F-ca)p 8 =^, 

the mass of the hydrometer. 

Pi 
F-*.-* 

P2 
17 M 

Pz 

P2P3 

6-c c-a , a— 6 . 
.-. + + - =0. 

Pi Pi Ps 

10. If pi, p«, p 3 are the intrinsic weights of the liquids, V the volume 
and W the weight of the common hydrometer, \ 19 X 2 , X 3 the lengths of 
its stem above the surfaces, 

Ws =Pi ( P- «Xl)"Pl^i=P 2 ^ 2 =P3^3- 

If V is the volume immersed and W the weight of the Nicholson's 
hydrometer, 

Wl +W'= Pl V', w % +W'=p 2 V f , «b+lF-ftK', 

FTF&, — L 
whence w 2 -w 3 =*V (p 2 - p 8 ) = —  -7-j , &c. 

and the stated result follows at once. 
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11. If W is the real weight of the body, and w> vf the real weights 
of the weighing pieces, we have 

>-l)= p %'-l), 
, Wf 29\ vf f , 29\ 

The apparent weights of the body are w and vf y 
and since r = —.. L 



it follows that 




vf' 29 ' 
30p' 

i^ — w p' — p 



w (p-l)(30p'-29)' 
This is an increase or a decrease according as p'>or<p. 

12. Let W be the weight of the bottle, V its internal volume, v the 
volume of its material 

w a , vfy, w e the intrinsic weights of A, B> C. 

TF+Fw a -(F+i;)n=^6, 

W+Vw a -(V+»)w c =A e9 

W+Vw b -(V + v)w e =B e , 

W+Vwi>-{V+v)w a =B a , 

W+Vw e -(V+v)w a =C a , 

.-. A b +B e +C a =A e +B a +C b . 



CHAPTER Vni. 
Examination. 

I. Pressure of mixtures » =15-026 lbs. wt. per 

sq. inch. 

3. Dew would be deposited on the furniture, &c, in the room. 

o m x * • * 3x45+6x90 „ c0 

8. Temperature of mixture = - = 75 . 

9. The dryness of the air, and its capacity to absorb moisture 
owing to its low pressure, causes evaporation from the surface of the 
skin to go on more rapidly than moisture can be supplied from the 
subjacent tissues. 

10. When the volume is 7+ V and the temperature t 9 the pressure 

pV+p'V' 
18 F+7' - 

When the volume is changed to U and the temperature to ?, the 
pressure becomes 

273 -f^ pV+pTV 

U * 273+* 
= r * — (l+af-t) where a=^. 

II. The new pressures being or, sr', and r being the increase of 
temperature, (taking t as absolute temperature) 

p m pr 

p' m* , , p'r 

t *+r f r t 

.*. the greater increase of pressure takes place where the original 
pressure was the greater. 
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Pressure at temperature zero= ^ ™ . — ; 
or if t represent temperature on the centigrade scale, 



Examples. 

1. If 0° be the final temperature, 

2(100-0) x*12=(5 + 16 x -2)(0-2O) 
.-. 0=22°^. 

2. In this case, with same notation, 

•12(12O-0)+2x-l(9O-0)=(6+lOx-2)(0-lO); 

3. The space being saturated with vapour, one-half of it is con- 
densed when the compression takes place. 

Hence while the pressure of the air is doubled, that of the vapour 
remains unaltered. 

Hence the difference of the observed pressures is the required 
original pressure of the air free from vapour. 

4. The air in the ball-room was saturated with moisture in the 
form of vapour. This being suddenly frozen, became snow, when the 
temperature of the room was suddenly lowered below freezing-point. 

5. The pressures (reduced to zero) in the air-space, are as 

^i(l-^i): E 2 (l-et 2 ); 
,\ a being the required ratio, 

ah E % (\-et^' 

l 

or a— 1 — *-*  






6. The pressure on the under side of the piston never rises beyond 
twice its original value. 

That above the piston is } its original value. 

.'. the weight of the piston =2 - J=| original pressure on it. 

£• E. xi. 4 
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7. The vapour in the space aboye the water being condensed, the 
temperature of the water is above its boiling-point at the reduced 
pressure. 

8. The freezing-point is lowered *3° .\ *15 of the heat required to 
raise the whole mass (if melted) through 1° is set free and expended in 
melting a portion of the mass. 

•15 

.*. the mass melted is —= rather less than ^J^th of the whole. 

Or thus, the lowering of temperature =(-0075) -40=*3 ; so that - *3° 
is the final temperature. 

Let the portion x of the mass of ice M be melted ; then 

79#=heat taken out of x of water 
+heat taken out of {M-x) of ice 
=*(-3)+i(ir-*)(-3), 
taking the specific heat of water to be unity. 
From this equation, 

x '3 3 1_ 

M " 158 - -3 ~ 1577 "~ 526 n0ar 7 ' 

9. Let 0° be the resulting temperature 

(0-40) -06=10(100-0) 

Heat absorbed by silver = heat given out by water 

=**•*&$=$& units. 
The work equivalent of this is 

225x772. . , 

1006 foot-pounds, 

which would raise the ounce of silver to a height 

16 x 172§ feet= 16x 9 518 yards=921 yards nearly. 

10. Let p, or, be the pressures of the air and vapour. 

j0+or=n. 

On compression the air-pressure becomes np, but the pressure of the 
vapour can never exceed tsr, for condensation takes place. 

nu-n t 

n'-n 
p- —. 

r n — 1 
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11. Let r be the radius of the cylinder, W its weight, w the pressure 
of the vapour, n that of the atmosphere. 

If (3or — n) wr s < W y the vapour will be condensed 

i.e. W must not exceed (3ar - n) wr 2 . 

12. The temperature of the ice is raised to 32°, the ice is then 
melted, and as the final temperature is 59 9 , the temperature of the water 
is increased from 32° to 59°, i.e., it is raised 27°. 

If v is the volume of the ice, the mass of the ice is '9627 x 62*5, and 
the number of units of heat rqquired for these three changes is therefore 

•96i> x 62-5 {-5x2 + 144 + 27}. 

Again, the air being lowered 1° of temperature, its loss of heat, if nv 
represent its volume, is 

•0013m? x 625 x -2375. 
Equating this to the former expression, we find that 



4—2 



CHAPTER IX. 



Examples. 



1. The greatest tension in each cylinder is at the base. We have 
r*h=M 9 t=wkr, and f=whV ; 

• . z . * ^—# . # • 

2. t= pr y and 2t=p' . 3r, 

.-. p :p'=Z : 2. 

3. A bar one square inch in section can support 4000 lbs. : .*. the 
greatest value of t is 400 lbs., and the greatest value of p is 80 lbs. 

4. If r, ¥ be the radii, e, 4 the thicknesses, 

and the strengths are as 

2*r 2eV ,, , 

— : —j- or as r 8 : r 3 . 
r r 

5. Let lira? 8 be the volume of air, at atmospheric pressure n, 
which is forced in. 

«g3 _l_ fjZ 

Pressure with radius 6= — s^— n ; 

and with radius c = — = — n. 

c 8 

Let t be the tension with radius 6, and f with radius c ; then 





"V ^ /"*• <* -0 


and 


*: ^=6 2 -a 8 :c 2 -a 8 , 


so that 


=« : — =— :: 6 s -a 2 : <r-a% 

D 2 c 8 


which determines x. 
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6. The tension and pressure all along the band being the same, the 
curvature is the same, i.e. the band lies in a circular arc. 

Let r be the radius of the circle at any time, 

2a the angle subtended at the centre, 

2a the unstretched length of the band, 

b the depth of the box, p the pressure inside ; 

a=r am a; t=(TL—p)r. 

And 2ra=2afl + £j = 2a+2ar5^£; 

.'. a— sin a=a. — r-^-- 

A 

When the band touches the bottom of the box, 

r(l-cosa) = 6 ; 

•\ a^Stan- 1 -; 
a 7 

and n-jo=- 2 tan" 1 ^—^ L 

r a[_ a « 2 +0*J 

If b > 2a, the arc will gradually become a semicircle, and then the 
ends will be flattened against the vertical sides of the box, the free 
portion forming a semicircle. 

7. At a depth k below the surface, the tension is wha. 
Let 2b be the length of the side of the box, 

r the radius of the curved portions of the membrane. 

2jrr+4(26-2r)=2*ra; 
46— na 



•\ r= 



4-7T ' 

4b — na 



.\ the tension at a depth h^wk . A — . 

4-1T 

The change = wh . — ^ ' ; 

.*. change : original tension =4 (a -6) : a(4-?r). 

8. If o, r be the increase of pressure and radius, a being the original 
radius, t the tension, 

2irr=2rra-; ,\ f=— . 
X a 

But t=p(a+r); 

»a 2 



\-pa* 
If r=a, X— 2pa. 
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9. This example belongs to Chap. XIV. 

10. The pressure at the foot of the main 

=300 x 62-5 « 18750 lbs. wt. per sq. foot 
If r be the required thickness in inches, 

0x^40r- 1728 x 2 , 

•'• T "io nearl y- 

11. Let r be the required thickness in inches 

24 

12. If r is the stress per unit of areal section/ and if e and ef are 
the thicknesses, 

it r 

13. Let h feet be the required height of water and let r be the 
radius of the cylinder. 

Then t=^^> tJr £> -=62-5A. 

A 12' r 

,\ volume of water =7^^= 12vra W^ttA. 

14. Let t be the radius of the circular portions at any time, a the 
original radius. 

The length of the perimeter of the tube is 

2nr+8 (a-r). 

v 8-2* /a-*^ 



The tension 



2tr 



(*?)• 



m , % 8-2ir a-r 

The pressure is ,\ X . -x — . — - , 

which is proportional to -^ ' 

i.e. to the ratio of the straight and curved parts of the tube. 
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15. Let p be the filial pressure within the envelope, 

p. far* =211. far*, 
.-. pr't^Ur*. 

r' 
The tension at any point is - (p - n) 

16. 7wk 5. 

17. The resultant of the tensions round a horizontal section is equal 
to the resultant vertical pressure on the portion of the cone above that 
section, i.e. between it and the vertex. 

If h be the height of the cone, x the depth of the section, t the 
tension at the section, 

2irx tan a . t . cos a=§wjr.r s tan 2 a, 

.*. t=\wto.namca.x*. 

18. Let h be the height of the bag, 4a the parameter of the 
parabola, so that if r be the radius at a distance x from the vertex 
r*=4ax. 

t being the tension, 

2x /, x\ 

••• «-!«•. ,y/ ( -^(2A-*) 

= \w *>/a (x+a) (2h-x). 

At the vertex x=0, 

,\ t—wah y 
or thus ; radius of curvature at vertex = 2a, and pressure there =wA, 

/. — =n>A, or t=wah. 
2a 

2AN D „ 9 AN 

19 - *•*-**- 4p**+iA*r- rin -r ' 

.\ tajAS+AN.ANaANslSP. 
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20. Let p, m be the pressures of the air and vapour. 

Then jp + or = n the atmospheric pressure. 

Let a be the original radius. 

When radius is doubled, the pressure within exceeds that without 
hjp+m. 

The tension = a (p + or). 

77 
When radius is trebled, the pressure of the air is —p, and of the 

527 

vapour w, 

/. Inner pressure exceeds outer by —p. 

25 
.*. — pa is the tension. 

«7 



• 
• • 


25 

— op : a(^> + ar) = 8 : 3. 




24(p+ar)=25p, 


or 


jp=24ar 


and 


w =i a 



CHAPTER X. 
Examples. 

1. The product of height and diameter of tube is constant. 
For water it is given as *048, for alcohol *02. 

.*. In a tube '25 inch in diameter, 

water rises '192 inch, alcohol rises *08 inch. 
In a tube *05 inch in diameter, 

water rises *96 inch, alcohol rises *4 inch. 

2. Depression — — -— — =-048 inch, 

* *02o 

3. jp - n= — = -jr > jo'- n== in grains weight per square inch, 

4 4 

also Vn = = ir**Pt and V'n = 5 irr'Zp, 

.-. V: F'=7 8 (n + y) : 12*(n+gY 

n being the pressure of the atmosphere measured in grains weight per 
square inch. 

4. Since 81 + 418 < 540, it follows that equilibrium cannot exist, 
art. 167, page 160. The drop of water therefore spreads out over the 
mercury. 

5. The reason in this case is the same. 

6. The tension, r, of the film being normal to the thread, it follows 
that the tension of the thread is constant, and, r being constant, it 
follows that the curvature of the thread is constant. 

7. Let t be the tension of the film, n the atmospheric pressure. 

The pressures inside the bulbs are 

2* 2* , 2* 

H + -, n+p andn+-g, 

.•..■["♦g-"[«SG-*[™3- 
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8. Let t be the tension of the film, 

n the atmospheric pressure. 
It „ 2* 

p — =n=«? — . 

»o r 

|>.r 3 =n.a 3 +2> .r 3 . 
2t=(p Q -n)r =(p-lI)r. 

•"• JWJ"'"- n(r-r ). 
.*. |?r 3 =na 8 +pr . r * - n (r - r ) r *. 

9. Take the wetted area between the plates of sensible extent, i.e. 
take B large compared with d, and let n be the atmospheric pressure, 
and n' the pressure of the liquid. Taking a small length e of B, which 
may be regarded as practically straight, we have 

Ued=U'ed+ 2te cos a. 

The plates are pressed together by two opposite forces, each equal to 

(U-n^A+tBooaa, 

A 2*cosa , D , . 
or, A — -3 YBt sin a. 

4 

10. We have m == trpa 3 . 

o 



Let t be the tension of the film, 

kp = atmospheric pressure. 

_ Zmh 2t 
4na s a * 
Let a become a+x. 

This expression becomes (neglecting squares of x) 

zmkr z an 2^r 1 an 

Ana 3 L a J a [_ a J " 
The increase is _|^__j. 

If this is to be always positive, x must be positive or negative 
according as t> or < dmk/Sira 2 . 



EXAMPLES. 59 

11. The upward forces on the cube when a volume V is immersed 

are v>V+v;<?co&a.4a. 

If, V being not greater than a 3 , v/a 3 do not exceed this, the cube 
floats. 

.*. we must have 

— <l + 4-^cosa. 
w a* 

12. Let r be the radius, h the height of the cylinder, the other 
symbols as in (11), tor 2 being the tension. 

v/ r 

— <l + 2 T cosa 

w h 

is the condition, obtained in precisely the same way. 

13. The forces on the rod are its own weight, the upward pressure 
of the liquid, which is equal to the weight of liquid displaced below the 
plane level, and the resultant downward tension which is equal to the 
weight of liquid elevated above the plane level. 

The apparent weight is therefore greater than the real weight by the 
difference between the two last-mentioned forces. 

When the solid depresses the liquid, the apparent weight is less than 
the real weight by the sum of the weights of the liquid displaced below 
the plane level and of the liquid required to £11 up the hollow which is 
formed. 

14. The potential energy produced by the rise of a liquid of intrinsic 
weight w to a height A in a tube of radius r 

and from art. 169, we see that hr is constant. 

15. From Example 7, we have 

But if two bubbles were to combine without change of volume, the 
radius of the new bubble would be greater than that of either of the 
original bubbles, and the surface tension would not be sufficient* to 
maintain the equilibrium. 

It follows therefore that the volume will increase, and hence from 
the above equation it follows that the surface will decrease. 

16. If the soap-bubbles are blown from the same mixture, the 
tension of each is the same, and the three surfaces must therefore meet 
everywhere at angles of 120°. 

Hence r 19 r % are the sides of a triangle including an angle of 60°, and 
t is the perpendicular from that angle on the opposite side. 

Hence that opposite side= ^- . ^-^. 

. ** *1*2_ __ _ 2 _1_ A* 2 «• «• 



CHAPTER XL 



Examples. 



1. The resultant attraction at any point is directed to the centre of 
the sphere ; the surfaces of equal pressure are therefore concentric 
spheres. 

2. If a is the radius, the pressure at the distance r is £/*p (4a 2 - r 2 ), 
and the ratio is that of 4a 2 : 2a 2 . 

3. Taking the figure of Ex. (1), let P be on the surface of the solid 
sphere, and A on the free surface of the liquid. 

Then if PA=d, we find, by considering the equilibrium of a thin 
cylinder PA, that the pressure at P=pfd. 

Take two parallel plane sections of the solid sphere at the distances 
OL, OL' from the centre, LL' being very small. 

Then, if a is the radius of the solid sphere, the resultant pressure on 
the thin zone of surface between the planes is 

pfd . 2wa . LL' . —  
J a 

If we take two parallel sections at the finite distance NN' from each 
other, the resultant pressure on the zone of surface between them 

= 27r/>/d.2ZZ'.0Z 

=7rp/a*(6W' 2 - OW), by Leibnitz's Theorem. 
Also, if r, r' are the radii of the sections, the volume described 

=wc?(/ 2 -r 2 )=,rd(0iV r ' 2 - ON 2 ). 
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1. The pressure on the lower end, being equal to the weight of 
water displaced by the rope, is equal to the weight of one-half the 
immersed rope. 

The tension at the middle section of the immersed rope is therefore 
zero, since the weight of the portion below that section is just supported 
by the fluid pressure on the lower end. 

2. If 2>, E be the middle points of the sides, DE is parallel to AB, 
i.e. is horizontal 

.\ the line joining the centres of gravity of OAC and OBC is hori- 
zontal. 

.*. pressure on OCA : pressure on OCB 

=area of OCA : area of OCB 

= sin 22? : sin 2A. 

3. When the centre of gravity is in the surface, the addition of a 
small quantity of water will obviously raise the centre of gravity of the 
whole. 

Further, if a small quantity A be abstracted, the c.o. of the re- 
mainder B must be above the surface, for B, together with A, which 
certainly has its c.o. below the surface, form a mass whose c.o. is in 
the surface. 

Hence, since either addition or subtraction of water raises the CO., 
it must be in its lowest position when in the surface of the liquid. 

4. The depth of the c.o. of the curved surface is 

h tan a . cos a + JA sin a= -=- sin a ; 

o 

.*. whole pressure on it =frrwh z tan 2 a. 
Whole pressure on the base =irwh 2 tan 2 a . h sin a ; 
.-. pressure on curved surface : pressure on base 

= 4 : 3 sin a. 
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5. Let x r be the depth of the point at which the rth line of 
division meets BC. 

The triangle bounded by AB and this line has (if AB=c) an area 

and its c.G. is at a depth \x r . 

If p be the perpendicular from C on AB, 
pressure on above triangle =Jcr r 2 , 
pressure on whole triangle = Jcp 2 '■>' 

.'. the rth point of division of BC cuts off a fraction y/r/*Jn of the 
whole. 

6. If p be the density of the solid, 2p, 3p, 4p are the densities of 
the fluids. 

The mixture of equal volumes has a density 3p ; 

.*. J of the solid is immersed in it. 

The mixture of equal weights has a density 

3 36 

.'. Jf of the solid is immersed in it. 

7. The volume of the cone = firr 3 = that of the hemisphere ; 

.'. the fluids are of equal density. 

8. Let h be the depth of the water, x the height of the o.G. of the 
water and mercury above the common surface, p, <r the densities. 

If a small volume v is added to the mercury, the upper surface of 
the water is raised by the same amount as if a volume v of water were 
poured on the top. 

If pv(h-x)-{<r-p)va; 

be positive, the common c.G. is raised and vice versa, since a small 
volume of fluid of density p is added at a height h— x above the c.G. 
and an equal volume at a depth x below the c.G. has its density in- 
creased by a -p. 

.'. If ph^sfrx 

no change takes place in the position of the c.G., i.e. it is at a stationary 
point. 

Also clearly ph < ax when but little mercury is employed, hence 
the position is one of minimum height. 
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9. Let h be the whole depth of the upper fluid and let x be the 
length of the cylinder in it. 

px+ 3p (A - x)=2ph. i 

.*. A=2#. 

i.e. as might have been expected, half the cylinder is in each fluid. 

The pressure at a depth x in the upper fluid is proportional to px. 

At a depth x below the common surface the pressure is propor- 
tional to 

pA-f-3p . x=5px, 

ie. it is Ave times as great as at the other end of the cylinder. 

10. The centre of pressure is half-way down. 

The area of the lower part cut off is therefore one quarter of the 
triangle. 

Its c.o. is at double the depth of that of the whole triangle, and 
therefore the pressure on it is one-half that on the whole triangle. 

11. If the point in the surface be A, the horizontal diagonal BC 
and the lowest point D at a depth 2z, the depth of BC is z. 

The centres of pressure of ABB and ACD are therefore each at a 
depth \z. 

Now the c.G.'s of these triangles being at equal depths the pressures 
on them are equal and the centre of pressure of the parallelogram is at 
the same depth as that of the triangles, i.e. ^ the depth of D. 

12. Let x be the depth of the vertex, p the latus-rectum of the 
parabola. 

Area immersed =§# . ypx; 



.*. cr . $A . *Jph=*p . \x . */px; 

■'■ x=h ©*• 



13. The original volume of air when the sphere just closes the 
cylinder is 

7TT 2 . h - JflT 3 . 

If or be the pressure of the air in final equilibrium, n the atmo- 
spheric pressure, x the distance of the centre of the sphere from the 
base of the cylinder, 

and volume of air finally = irr* . x— fwr 3 ; 

nf*.x-$irr* _Il 
'"" trr i .A-§irr 3 "ar ; 
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.-. *-Jr+5(A-jr), 

w 

1=1+ w 



•• *-*+ Tf+irr«.n 
frfT+Airr'n 
" W+ur*.U ' 

14 Let a be the semi- vertical angle of the cone, x the depth of 
axis immersed. 

Volume immersed =J#. «■ . 2 s tan 2 a, and is constant. 

Surface immersed »«-£* tan 8 a . cosec a. 

Hence this latter is least when x sin a is greatest. 

Now x 3 tan 2 a is constant ; 

.*. x sin a is greatest when sin 3 a cot 2 a is greatest, 

Le. sin a cos 2 a is greatest, 
sin a+sin 3a is greatest when, 
being a small change in a, 

sin (a+0) - sin a*= +sin 3a- sin 3 (a+0), 
0cosa= -30 cos 3a; 
.". cosa= -12cos 3 a+9cosa; 
.*. co8*a=f and tan*a«£. 

15. If the plane be inclined at an angle to the horizontal, the 
depth of the c.o. of the lower half below the centre is ^ cos 0. 

.*. the pressure on lower portion : pressure on upper portion 

=a+-coB0 : a- 5 cos0 

2 23 

=2+cos0 : 2-cosd. 

If this ratio be m : 1, 

27?i-racos0=2+cos0; 

* «*» — 1 
.'. cos 0=2 — — . 
tn+1 

The greatest value of m is 3 when cos 0=1, .'. 0=0. 
The least value of m is 1 when cos 0=0, .*. 0=£ . 

25 
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16. Let 4a be the latus-rectum, x the distance of common surface 
from focus. The heights of the free surface above the focus are 
r — 2a, / - 2a, and of the common surface #— 2a ; 

.'. p(r-x)=*p' (/-#). 

17. Let e be the thickness of each stratum. 

Taking the unit of force as the weight of a pound at the place, the 
pressure at the lowest point is 

pe(l + 2+3+...+n)= n{n + l) pe. 

At the bottom of the rth stratum, the pressure is — ±— — '- pe, and 
the depth A=re; 

.*. if p=pe, the density will, when e is indefinitely diminished, vary 

r(r+\) h 2 1 
as the depth, and the pressure =—^— — '- p -^ = - ph*, when r is indefi- 
nitely increased. 

18. Let x, y be the heights of the surfaces of the two fluids above 
the base. 

Then x +y = height of triangle, 

and x \y—p* : p; 

.-. x-y :x+y=p'-p :p'+p, 
or, difference of heights of surfaces : height of triangle 

=p'~P :p+p. 

19. The whole pressures are proportional to the pressures at the 
c.G.'s of the strata, i.e. on the rth piece the pressure is proportional to 
(see 16) 



/r(r-l) r(r+l)\ . . 2 



20. The whole pressure on the curved surface is (r being the radius) 

wr (l 2 +2 2 +3 2 +..,n 2 ) pa 2 lbs. wt. 

« 
* • 

That on the base is 

*r s .p[l+2+3+...f»]a. 

•'. whole pressure =s irpra — - — a+r — ~ — - . 

If the fluids be mixed the density is 

n+l 



2 p; 



B. E, H. 
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.'. the pressure on the curved surface is 

irr.p. n W — „— . 

.*. it is increased in the ratio 

ft 2 (n-H) n(n + l){2n+l) 
2 : 6 ' 

or Sn : 2n+l. 

If the densities be <r . <r+p ... r+np, 

the pressure at lowest point of nth stratum is 

a[<r+(<r+p) + ... + (cr+np)] 

Whole pressure on curved surface 

=wr . <r .n 2 a?+nr . pa 2 — ^ '- . 

6 

That on base is 

„« , o n(ft+l) 

wr*. o-. wa+nT^.pa — ^ — - . 

If np=kky 

and n be increased while p and a are decreased indefinitely, the pres- 
sures become 

nr . o-A 2 + JjrrM 8 = *rrA 2 [<r + tfh\ 

and wrVA ■+■ farr&kh 2 = w^A [<r + \hh\ 

21. Let a?, y be the depths of the vertex below the surface in the 
two positions, 2a the vertical angle of the cone. 

Then volume immersed at first = %x . nx* tan 2 a ; 



Volume within cone between these two positions 

= -«-. Jw^tan 2 *!. 

Volume of a length y-#f=5jof the cylinder is 

x 
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Nowr 2 :a? 2 tan a a=19 : 6; 

x 
. • . volume of length 5 of cylinder = ifarx* tan a = twice volume of this 

portion of cone; /. the surface of water in cylinder rises just suffi- 
ciently to keep equilibrium. 

22. Let x be the distance of the c. g. of the surface from the axis, 
3 the angle made by the perpendicular from the c. G. on the axis with 
the vertical, S the area of the surface. The depression of the c.G. in 
turning through a right angle is 

#(cos0+sin0). 

In turning through another it is 

x (cos 6- sin 0); 
,\ wSx (cos + sin 6) *s A, 
wSx (cos 6 - sin $)** B. 

The difference between the greatest and least pressures is 

wS . 2x=*/2(A*+B*). 

23. Let 2A be the height, a the semi-vertical angle of the cone. 
Area of surface of frustum =*r . 3A 2 . tan 2 a . cosec a. 

Its c. G. is at a depth x below the vertex where 

3.X + 1 . JA=4. JA; 
/. x=*£h\ 
.*. whole pressure on curved surface 

=w.*£h.ir. 3A 2 tan 2 o.coseca 
= tynvh* tan a sec a. 

Pressure on base= w . 2A . n . 4A 2 tan 2 a ; 

.*. ^008600:8=7:6; 
.*. cosec a= 2; 
.-. a=30°. 

24. The weight of the contained fluid is 

w . r . -=- . 7T . 4A 2 tan 2 a 
o o 

=57rwA 8 tan 2 a= W (say). 
The upward pressure on the curved surface 

= tyirwh 3 tan 2 a cosec a . sin a = *£irwh z tan 2 a. 

5—2 
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The upward pressure on the cover 

—w.tt. A 2 tan 2 a. A; 
. • . whole upward pressure of fluid = fyrwh? tan 2 a = ^ W ; 
/.if the weight of the vessel be less than ^ W it will be lifted. 

25. If r be the radius of the cylinder, A the height of the cone, the 
volume immersed is 

If the surface of the fluid in the cylinder rise a distance x, the 
volume of the slice x of the cylinder outside the cone + that of a slice x 
of the cone= \ voL of cone=voL of a slice ^A of the cylinder; 

26. Let a be the depth of the fluid, A the height of the cone. 
Whole pressure on curved surface of cone at the place, 

=area of surface . (a - JA) . p lbs. wt. 
.'. vertical pressure = area of base . p (a - JA), 
weight of cone = area of base . <r . JA lbs. wt. 
Upward pressure on 5= vol. of B . (p - cr) ; 



.'.we must have voL of 2?=voL of cone 



p-<r 



27. The curve of buoyancy is a similar and similarly situated 
concentric ellipse, and in whatever position the ellipse is held, with its 
centre in the surface, the resultant fluid pressure is in the direction of 
the normal at the lowest point of the curve of buoyancy. 

If the axis is horizontal, and the ellipse then slightly displaced, the 
normal at the lowest point of the buoyancy curve will intersect the 
minor axis above the centre of the ellipse. The equilibrium is therefore 
stable; and, similarly, the equilibrium is unstable when the axis is 
vertical. 

Or we can reduce the problem to the case of an elliptic lamina, 
resting with its plane vertical on a horizontal plane, and then treat the 
question in the same manner. See Art. 69. 

28. If T be tension of each string, a length of side, the moment of 
forces tending to keep a face in position 

= TJZ x height of tetrahedron = TJ2 . a. 

The centre of pressure on a face is halfway down. 
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The pressure is w . J height x — j- = weight of fluid. 

.-. ^weight of fluid =2V2. a. 
.-. T:W= I J3 : V2. 

29. Let w l9 w 2 ,... be the weights and /a,, p 2 ,... the densities. When 
totally immersed they will be able to rest if the weight of the displaced 
liquid is equal to the sum of their weights ; hence, if a- is the density 
of the liquid, 

<r.2(w/p)a=2(w). 

If they are required to rest in any position, we must in addition 
have their c.G. coincident with the c.G. of the displaced liquid, i.e. with 
the c. G. of homogeneous bodies of the same volume. 

Hence if # l9 x 2 ,..» are their distances from a fixed point in the rod, 
we must have 

2(wx) \p J 

Applying this condition, 

W x x- W& Pi *~ P 3 y 

W 3 V>2 Pi / W l \f>3 P2/ W 2 \Pl Ps/ " 

30. It is clear that one position of equilibrium is when the rod is 
vertical. 

If there is another let 6 be the inclination of the rod to the vertical, 

then if p, p' are the densities of the lower and upper liquids, and <r the 

density of the rod, 

i o o * . // >in a+c 8ec$ a 2 
$p<? sec 2 6+p' (a- c sec 0) ^ =<r — , 

c 2 p — p' 
• . COS %J ^ ~7, • , • 

a 2 <r-p" 
so that there is another position of equilibrium if 

o- > p', and <?(p-p') < o 2 (<r-p'). 
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Considering the vertical position, give the rod a slight displace- 
ment 0; 

Then the moment of the forces about the lower end varies as 

p' (a 2 - c 2 sec 2 B) +pc* sec 2 B r <ra\ 

or as c 2 (p - p') sec 2 - a 2 (o--p')> 

and this is positive if c 2 (p - p') > a 2 (<r - p'), 

which is the condition that the vertical position is the only one possible. 

If the moment is negative, the inclined position is one of stable 
equilibrium. 

31. Let a be the length of the cylinder, x the portion of it filled 
with air, n the atmospheric pressure, h the height of the water- 
barometer. 

The pressure of the air is =- n. 

-j- - # is difference of heights of water inside and outside. 

3a 

-T--X 

a 4 

.*. TT-n-h i n=n. 
2x h 

.". 2ah+3ax — 4x 2 =4xk, 
4x*+x (4A- 3a) - 2aA=0. 
The positive root of this equation gives the required value of x. 

32. Let 3a, 36 be the lengths of the sides of the parallelogram. 
The lines of division trisect the opposite sides of the figure. 

The depths of the c.G.'s of the triangular portions are 
, f , b \ 2 3a 2 +6 2 . 2 3& 2 +a 2 

The areas are each Zab. 

o r » 3a 2 +6 2 . 3a 2 +6 2 

1 3 V« 2 +^ V« 2 +6 2 

D . 3& 2 +a 2 
P,= 2wao.—= , t 

3 Va^+P 

P 1 +P 2 +J? s =w.9a&. $ Va 2 +P=^m6Va 2 +P, 
and Pj+Pg^Swaft. Va 2 +6 2 , 

.'. P^tywabt/at+b 2 , 
.-. P 1 : P 2 : P 3 =4 (3a 2 +6 2 ) : 11 (a 2 + ft 2 ) : 4 (a 2 +36'), 
and 16P 2 = 11 (P^P,). 
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33. Let w be the intrinsic weight of the liquid, h the height of the 
cone, r the radius of the base, so that r=A tan a. 

The whole pressure on the curved surface is 

w . %h . r 2 cosec a. 

The pressure on the base is wAwr 2 . 

... P= ^P+3f»^f| 
L 3 sin a J 

P _ 2 + 3 sin a 

. • -wit "™™ • 

i* sin a 

In the second case the depth of c.g. of surface is diminished in the 
ratio of I : cos 3. 

P 2+3 sin a 

■'' F"~ sina~' C0S ^ 
i* remaining unchanged. 

34. The centre of pressure of any face divides the height in the 
ratio 3 : 1. 

If a be the length of an edge, 

Height of tetrahedron = J$ . a. 

*/3 

Height of a face =^- a. 

2 

Let W t W be weights of the fluid and a face. 

The pressure on a face 

= w x § height of tetrahedron x area of a face = 2 W. 

.-. F.-Xo must be not less than 2 W. - . \- a, 
9 2 4 2 

i.e. W not less than -zr- . 

2 

35. Let x be the depth of air in the inverted cone when vertex is 
in the surface. 



Its pressure is 



« 3 tt 
x a 8 

or 1+ A = ^' 

F being the volume of the cone. 
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a 3 h a 3 x+k 
(m+1) TT=«; F=? 7=*^ JT # 

X 

* . a 3 a 8 , 

•"' 1+m= ^A 3 ° r A =Wl + wl - 

36. Let a be the length of the cylinder, x the length of it filled 
with air at any time, h the height of the water barometer. 

if _ n>n+ - lr ii > 

water will flow over, 

The limit is reached when the inequality becomes an equality, 

Le. xt-ty+cfix+ak^O. 

(x-k)(x-a)=0. 

i.e. x— a or x=h. 

i.e. if once started, water may be poured in till its depth equals the 
height of the water barometer before any flows over. 

If a<k, then x<r\ since x<a of necessity, and the piston will not 
begin to sink at alL The water runs over from the beginning. 

37. The pressure in the interior cylinder is - n, 

if 

- k+(a-y)=k+a- x. ,\ — Z^A=y-,a?. 

y y 

x—y a 

.-. x+y=a 9 

x 
(a —x)(a- 2x) = xh, 
.'. 2x*-x(3a+h)+a*=0, 

4x=3a+h±*Ja 2 +6ah+h*, 

.-. 4y=a-A+Va 2 +6aA+A s . 
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38. Let C be the centre of the rectangular hyperbola. 
PN a perpendicular on the transverse axis. 

PTt the tangent at P to the curve, cutting the axes in T, t 

The horizontal sections of the columns of water standing on an 
element of surface near P in the two cases are as Ct : CT. 

The heights of the columns are PN and CN % 

.*. the pressures are as 

PN. Ct : CN. CT=BC* : AC*, 
i.e. they are equal. 

Thus since the pressures on every small portion of the area are the 
same in the two cases, the pressures are equal on any finite area. 

39. Let a be the semi- vertical angle, 2h the height of either cone. 
The area of the surface of the lower cone is 

4?rA 2 tan a . sec cu 

28 
/. the whole pressure on it is — wvh* sin a. 

o 

28 
.*. the resultant pressure is — wnk z tan 2 a. 

o 

The weight of the fluid in the upper cone is 

\wnh z tan 2 a. 

If W be the weight of fluid either cone can contain, W the weight 
of either cone, 

TT=|w7rA 3 tan 2 a. 
o 

2 W + JwjtA 3 tan 2 a = -5- tonh* tan 2 a, 

o 

.-. 2JP=^wn-A 3 tan 2 a=^Tr. 
.-. W :W=*27: 16. 

40. Let a be the side of the square and let CE=b. 
The whole pressure on the square *= \ wa z . 

The whole pressure on the triangle BCE is 

\ab . § wa= \wdFb ; 

•"• i&=i a ; •'• &=}#• 

•\ the distance of the centre of pressure of BCE from BC 
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Its distance from CD=\a. 

The centre of pressure of the square is \a> from CD ; 

.\ the distance between these two = aVd^) 2 + (A) 2 

Since the centre of pressure of the other part of the square and that 
of the triangle must be equidistant from the centre of pressure of the 
whole square, the distance between the two centres of pressure 

41. Let a be the side of the square, 3 the inclination at which the 
moveable side is inclined to the horizontal, and W its weight ; 

then, taking moments about the hinge, 

W.-co&3=twt?.-Bm3. 5 ; 

25 22 o 

.-. tan0=* — 5. 
war 

42. Let 6 + a, 3 — a be the inclinations of the two radii to the radius 
in the surface, a the radius. 

The c.G. of the sector is on the bisecting radius at a distance 

| . from the centre ; 

a 

•x j xi. • asmasm3 
•\ its depth is § ; 

. , . p a sin a sin 6 9 

.•. the pressure is w . § .aa? 

a 

= §wa 3 sin a sin $ = Jwa 3 {cos (0 - a) - cos (3 + a)}. 

The pressure on the whole =§wa 3 . 

If 0=a and the pressure on the sector is £wa 3 , 

$ = l-cos20=2sin 2 0; 

.-. sin0=$; .-. 0=30°. 

.*. the bounding radius makes an angle of 60° with the radius in the 
surface. 

43. Since the cylinder may be divided into narrow vertical strips, 
the centre of pressure of each of which divides its length in the ratio 
2 : 1, the centre of pressure of the whole is at this same depth. 

It is also obviously at the c.G. of the section of the cylindrical 
surface at this depth. 
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44. In each case the centre of pressure must be at the same depth 
as that of the triangle intercepted by the two given planes on the 
vertical plane through the axis perpendicular to the given radius ; 

.'.it divides the height in the ratio 3 : 1 in the first case. 

It bisects the height in the second case. 

45. Let h be the height of the pyramid, A the area of the base, d 
the depth of the centre of the base. 

The horizontal pressure on the inclined surfaces = that on the base 
=wAd. 

The vertical pressure on the inclined surfaces = weight of fluid 
displaced =$iffA h = W (say) ; 

.*. Resultant pressure = W w 1 + ^ . 
And it is inclined at an angle tan -1 -r to the vertical. 

If the base be inclined to the vertical at an angle 4, 
The horizontal component of the pressure 

= wAd cos 6 = — r— cos 6. 

n 

3 Wd 

The vertical component = W± sin 6. 

9d? 



.-. the resultant= W */ 1 + — sin 6+-^ . 

And it is inclined to the vertical at an angle 

3c? cos 



tan- 1 



A + 3c?sin0* 



The upper sign applies if the vertex is depressed below the centre 
of the base, the lower in the contrary case. 

46. If h be the perpendicular distance of the base from the vertex, 
a the radius of the base, d the depth of the centre of the base, 

Horizontal pressure on curved surface ^wird 1 . d. 

Vertical pressure = Jwwa 2 . h= W, the weight of fluid displaced ; 

. • . Resultant pressure = W W 1 + -r^- • 

47. The resultant pressure on the fluid is equal to its weight and 
acts vertically through its centre of gravity, and this is equal and 
opposite to the resultant pressure on the curved surfaces of the cone. 
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Now the c.G. of the fluid is in a line joining the vertex to the centre 
of the base and divides that line in the ratio 1:3. 

.'.if the vertical through this point be drawn downwards to meet the 
curved surface, it will meet it at the required centre of pressure, while 
the pressure is equal to the weight of the contained fluid. 

48. Since the diameter through the point of contact bisects all 
horizontal chords, the centre of pressure always lies in that diameter. 

Let 3 be the angle between that diameter and the horizontal. 
If QVQ' be any ordinate, PV being the diameter, 
QV*=4SP.PV=4AS cosec 2 6. PV 
=4AS . cosec 3 S . (depth of V). 

/.if the area be divided by a number of horizontal lines which 
remain always at the same depths, the portions between any two such 

consecutive lines are increased in area in the ratio cosec* : 1. 

.'.all the pressures being increased in the same proportion, the 
centre of pressure remains at the same depth. 

49. The resultant horizontal pressure on the part described is 
equal to that on the corresponding portion of the triangular plane 
face of the half cone. 

Now the depth of the c.G. of a cone and of the centre of pressure of 
an isosceles triangle whose vertex is in the surface, is in each case { of 
the height, and they are therefore in this case in the same horizontal 
line. 

From this the required result is obvious, on drawing a figure. 

50. Let 2c? be the depth, A the area of the cylinder, 2W the weight 
of water it would contain. 

Its weight = W=wAd. 

Let x be the depth of the stop. 

The pressure of the air inside exceeds that outside by 

W/A = wd. 

If A be the height of the water barometer, y the depth of the water 
below the stop, 

h+x+y _d ^ h + d 

hd 



.*. x=d- 



k+d' 
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If there be a hole in the stop and u be now its depth, v the length 
of the column of air in the cylinder, 

h+u-d+v _2d k+d 
h ~~ v ~~7T ; 

U = 2d--j—-j=*2x. Q. b. D. 

51. At temperature zero let the portion not immersed occupy a 
length z of the tube. 



Then z 



( 1 + 6i8o) =m - 



If f be the real temperature of the liquicj, we should have (on wholly 
immersing the instrument), 



l+ 6 77 

(£ + 6480 _ I <- T 

m \r + 6480 J m r+648 



6480 

r 
+6480 



t-t , t-r 



r+6480^ r+6480' 

. f ,_ m(tr-r) 

6480+r-m' 

52. Let h be the height, 2a the vertical angle of the cone. 

Horizontal pressure on the base=wirA 3 tan 3 a. 

Vertical pressure on the curved surface == Jwn-A 2 tan 2 a= W. 

.*. the resultant = W *J\ +9 tan 2 a, 
and makes an angle tan" 1 (3 tan a) with the vertical 
It acts through the CO. of the cone ; 
.*. (1) If its direction passes through C 



H- 



tana=3tana; 

.*. tanas}. 

(2) If it is parallel to a generator 

cota=3tana; 

.*. tana=-r=, .*. a=30°. 
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It can never be perpendicular to a generating line, for in that case 
it would make an angle a with the vertical This could only be if a =0, 
i.e. the cone would become a straight line. 

53. Let b be the distance of the centre of the hollow from the 
centre of the sphere, c its radius, w lt w 2 the intrinsic weights of the 
sphere and liquid. 

To remove the hollow from the highest to the lowest position is 
equivalent to raising a volume ^rc 3 of the material of the sphere a 
height 26 and lowering a volume fan? through the same distance. 

.*. If 2w 1 >w 2 

energy is required to be supplied for this purpose, i.e. the c.G. of the 
whole is raised and the position of stable equilibrium is with the hollow 
uppermost. 

54. Let h be the height of the water barometer, * the specific 
gravity of mercury, a the depth of the top of the bell, b its length, 
x the part containing air. 

h+a+x b ,.. 

—h—°x «• 

The height of the barometric column is (h+a+x) Is in the belL 
where x is determined from equation (i). " 

(i) If the wood come from outside, the level of the water is slightly 
depressed, and hence the pressure and the height of the barometer 
slightly increased. 

(ii) The water slightly rises, the pressure and the height of the 
barometer slightly decreasing. 

55. The areas of the two portions of the surface are as 3 : 1. 
Let p, p' be the densities of the fluids. 

The pressures at the depths of the c.G.'s of the two portions are as 

$p : p+£p'; 

.*. the whole pressures are as 

£p : p+£p'=4p : 3p+p'. 

56. Let x : y be the ratio in which the sides are divided. Then 
the pressures being equal at the two ends of the horizontal side, 

x+Zy=y + 2x\ 

.*. 2y=x, 

or x : y=2 : 1. 

57. If A is the vertex of the triangle, D the middle point of the 
base BC, and E the middle point of the line of flotation, we have to 
express the fact that BE is vertical. 
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If a is the side of the triangle, and if x, y are the lengths of the 
sides immersed, the condition is 

2 2 x . A 

— «-, or ax-a*-ay-f, 

2~2 

so that either #=y, or x+y=a 9 

and the other equation is ip^y—ia-a 2 . 

58. The pressure on the base remains constant, R (say). 
If W be the weight of water displaced 

(R Vn^)*+( W+Rs)*=P* ; 
.-. JF 2 +i2 2 +2W7k*P 2 . 
Similarly W*+R*+2WRS=P*, 

W*+R*+2WRS'=P"*; 

.-. p«(/-o+^(«"-«)+^ w| («-« f )-o- 

59. If is the inclination of the axis to the vertical 

tan $=h tan a-7--;=4 tan o. 

4 

The pressure on the base=wirA 3 tan 3 a sin 0. 
That on the curved surface 

=wirh % tan 2 a cosec a (A tan a sin 0+- cos } . 

The ratio of these is 

tan a sin 6 : cosec a (tan a sin 0+ J cos 0) 
=4 tan 2 a : cosec a {4 tan 2 a + J} 
— 12 sin 3 a : 12 sin 2 a + cos 2 a 
= 12 sin 3 a: 1 + 11 sin 2 a. 

60. If 6 is the inclination of the axis to the vertical the horizontal 
pressure on the curved surface 

= wir h z tan 3 a sin 2 0. 

The vertical pressure is 

\wir A 3 tan 2 a + wrrh 3 tan 3 a sin cos 6 \ 

. . tan a sin 2 

.'. tan 0= 1., : Ji -\ 

^ J + tan a sin 0cos0 
16 tan 3 a 48 tan 3 a 



i (1 + 16 tan 2 a) + 4 tan 2 a 1+28 tan 2 *!* 

28cota+cot 3 a 
or cota>= 777 . 

48 
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61. The only effect of the fluid is to reduce the apparent weight of 
the chain, for the resultant fluid pressure on each link is vertical. 
Thus the form remains the same as in air. 

62. Let the surface divide the generating line in the ratio x : 1 — x, 
and let be the angle which the axis makes with the vertical, 2a the 
vertical angle of the cone ; 

.•. cos2a=§. 

If I be the length of the side of the cone, the centre of the liquid 
surface is distant horizontally from the vertex 

i{xlaiu(0-a) + lsm( k 0+a)}; 

.*. the c.o. of the fluid is distant horizontally from the vertex 

31 

•^ {x sin (0 - a) + sin (0 + a)}. 

The point of suspension being vertically over this, 

21 

I sin (0 - a) = -^ {x sin (0 - a) + sin (0+a)}. 

_ cos (fl+a) _ sin 20- sin 2a 

* Ut *~cos(0-a) sin2(0-a) 5 

.'. 8 sin (0- a) cos (0-a)=3 {sin (0- a) cos (0+a) +sin (0+a) cos (0- a)}, 

4sin2(0-a)=3sin20; 

4sin2a 
4 cos 2a- 3 ^ ' 

• oa V 5 4J5 
sin20=-r-^ — =s-^—: 

Vl+80 9 » 
.\ sin 2(0— a)=^-=sin2a; 

63. Let p, <r be the densities, the inclination of the major axis 
to the vertical 

Then the pressures at the common surface being equal in the two 
fluids, 

p (b sin 0+a cos 0)=<r(a cos 0- b sin 0) ; 

.*. tan0=— -*-. x . 
<r+p o 

64. Let A be the depth of the act. of the base. 
The pressure on it is whA. 
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If 6 be its inclination to the horizon, the pressure on the carved 
surface has for its 

horizontal component whA sin 6, 

vertical component whA cos 6+wV» 

. • . the resultant pressure is w [ V* + 2hA Fcos 6 + h 2 A 2 ]^, 

P 1 *=v?[V 2 +2xAVcoae+xfiA*], 

i> 2 2 = ^2 [ y% + 2 yA Fcos 6 +y*A*], 

P 3 2 =t^[ 78 + 2*4 Fcos0+*M 2 ] ; 

.-. Pi % (y-*)+PH*-x)+Pz\*-y) 

=v?A 2 [x l {y-z)+y 2 (z-x)+z 2 {p(;-y)\ 
=w 2 A*(z-y)(y-x) (x-z). 

65. Consider the equilibrium of a small element s just beneath the 
surface and of a small element sf just above the surface. 

Let w, vf be the intrinsic weights of the liquid and the chain. 

Let t be the tension at the surface and 6, & the small angles between 
the tangents at the two ends of the elements. 

Then resolving, for each element, along the normal at the other 
end, we obtain, if a is the inclination to the horizontal of the string at 
the surface, 

t sin B = vfks cos (o + 0), 

t sin ff = (u/ - w) ktf cos (a - ff). 

But if r, i* are the radii of curvature, s=r3 9 J^ff; .*. making 6 and 
ff indefinitely small, 

1 l v s 

- : -=w : w -w=p : p-<r. 

T v 

66. See Chap. IV. Ex. 25. 

67. If vt x ar 2 be the new pressures, r the increase of temperature, 

w x n 



273+*+r 273 + ** 
?« _ n . 



273 + ^+r 273 + *" 
•'• ^ = n ( 1+ 273V^)' 
^ =n ( 1 + 273 T +?)- 



.*. the increase of pressure is greater in that which had the lower 
temperature originally. 

B. E. H. 6 
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The pressure at zero in one will be 
273 



273 



— ^=11 ( 1 - g^J approximately. 



That in the other will be n ( 1 - ^=^\ . 



When the air in both is forced into the same, vessel, the pressure 
will be the sum of these two, i.e. n f 2 - - J . 

68. Let n, xa be the two pressures and a =^5, 

n orw 3 
273 ~ 273+* 5 
.'. n : ar=n 3 : \+at 

69. The mercury expands till it fills 

i (1-0036)= -5018 of the vessel. 
.*. the air now fills '4982 of the vessel. 
If n, ur be the pressures of the air at 0° and 20°, 

n x *5 or x -4982 



273 293 

w 293 



H 273 x 9964 



= 107716... 



70. Let V be the volume of a given mass of mercury at 68°. 
At 212° its volume is J# V. 

The volume of an equal mass of water at 68° is 13*568 V. 

At 212° it is 13*704 xJJT. 

.\ the proportional expansion of water is 

13-704x 70 -13-568x69 _ 23088 
13568x69 ""936192' 

= •02466...=^ nearly. 

71. The area of the surface as far as the rth plane 

= — x whole surface. 
a 

h 2 
.*. the whole pressure on this part=-^ x pressure on whole. 



a* 






a \ n 
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72. If the hexagon be divided into six triangles by joining the 
angular points to the centre, and if a be the depth of the centre, the 
depths of the centres of gravity are 

a 2a 4a 5a 

3' "3' ~S> ~Z' 

.*. the whole pressures are in these ratios. 

The centres of pressure are at depths 

a 3a 11a 17a , a 0/v _ . 

2' T' 8 ' ~8~' ( See P' 207 -) 

The depth of the centre of pressure of the whole hexagon is 

1+2.2 + 2.4 + 5 18^ 

73. The triangle may be divided into a number of small triangles 
with equal bases and the same vertex. 

The centre of pressure of each of these is f its length from the 
vertex. 

.*. the centre of pressure of the whole is in the generator of the 
cylinder which passes through the vertex of the triangle, and divides 
that generator in the ratio 3:1. 

74. Let 24 be the angle between the planes, 2a the vertical angle 
of the cone, and h its height. 

The pressure on each plane face is \wh z tan a. 

.*. the resultant horizontal pressure on the curved surface 

= JsM 3 tanasin0. 
The resultant vertical pressure = \w6h z tan 2 a. 
, • . the resultant pressure = J wh 3 tan a \/sin 2 + 2 tan 2 a. 
The c. g. of the surface is at a distance from the centre 

2 h tan a sin 6 

3' B ' 

.*. the eg. of the contained fluid (through which the resultant 

pressure acts) is distant 5 s from the axis, and .*. the line 

joining it to the centre of the base of the cone makes an angle 

, . 2 tan a sin ... ,, ,. , 

tan -1 ^ with the vertical. 

The resultant pressure makes an angle 

t^-i-fJ- with the vertical. 
0tan a 

.*. its line of action passes through the centre of the base if 

tan 2 a=i, i.e. if a=46°. 

6—2 
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75. Considering the triangle of forces for each sphere it follows 
that the vertical through the point, 0, bisects the distance between 
the spheres. 

If u is the distance between and the middle point, 

If 6 is the inclination to the horizontal of the line joining the 
spheres, 

r 2 =tt 2 + - r +w#sind, r f2 =u 2 + — +uxbm6 ; 

4 4 "~ 

. . 7-2-/2 r 2 -/ 2 

/. sin0= 



2iix x ^2 (r 2 +V 2 ) - x 2 ' 
Also, if P is the excess of fluid pressure over the weight of a sphere 

<f>(x) : P :: -■ : u. 

76. Let A be the area of the piston, n the atmospheric pressure, 
x the length of the string in equilibrium. 

The pressure on the piston is ~U.A. 

a—x 



j i . x \ la 



.*. x=*Jla. 

77. If z be the depth of the centre of pressure 

2s(a+&+c)=a 2 +& 2 +c 2 +6c+ca + a&. 

The depth of the centre of gravity is - 



2 — 



3 

a + b+c _a 2 +b 2 +<?+bc+ca+ab a+b+c 
3 "~ 2(a+6+c) 3 

__a2+62 +c 2 _ ic z ca-gb __ (b-c) 2 +(c-a)* + (a-b) 2 
"" 6(a + 6 + c) ~ 12(a+6+c) 

78. If one point of the disc of radius R were in the surface, the 
centre of pressure would be at a distance *£ R from the centre. 

The pressure would be w . tt/2 3 . 

If liquid be now added till the surface is raised to a distance h 
above the centre, the pressure is increased to wirRP.h, the moment 
about the horizontal line through the centre being unaltered, since the 
resultant of the additional pressures acts through the centre. 
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If q tie now the distance of the centre of pressure from the centre, 

vhtB? . h . q=wirR 3 . - 22, 
or q=pR?+hr. 

79. If the mercury rise through a distance x, the air which 
originally filled a space A+kI expands so as to fill a space 

A+k(1-x)+B. 

ft —"• x 

Its pressure becomes — r— " of its original value. 

.*. h(A + d)=(h-x){A+B+Kl-Kx}. 

If we neglect kx 2 we have 

KB KB_ [" k (l+ h)~] 

X ~ A+B+K{l+h)~~ A+B\} A+B J q,p ' 

Writing this value for x in the neglected term and inserting it, 

hB I" l+h ~] h?B* _ KB l~ Ah+ ( A+B)F \ 

*~A+B[_ l K A+BJ +K (A+Bf~A+B\_ K (A+B)* J* 

80. Let 6 be the angle made by the base of the hemisphere with 
the vertical, when the attached weight on the rim is just in the surface 
of the water. 

The volume of water displaced is -^ x volume of 

hemisphere. 

If to, W be the weights of the hemisphere and of the water which 
would fill it 

Ji0=J.TF(l-cos0) 2 (2+cos0). 

Also taking moments about the centre (through which the fluid 
pressures pass) 

T .asin^=w. -COS0: 
4 2 

.\ tan 0=2, 

A 1 

.*. COS0 = -t^, 

.-. (l-cos^) 2 (2H-cos^)=^^— , 
.-. W : ^=25^5 : 20^5-28. 

81. Let the external atmospheric pressure increase till the water- 
barometer reading is H+u. 

Let d be the depth of the top of the bell originally. 
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■L 

The internal pressure is - H and also H+d + x. 

.\ hH=x (H+d+x). 

If the bell be free to move, it will continue to displace the same 
volume of water, i.e. x remains unaltered. 

Let y be the amount of its motion, 

h(H+u)=x[H+u+d+y+x]—hH+x(u+y\ 

h-x 

* x 

If the bell be held fixed, let z be the fall of the water in it. Then 
h(H+u) = (x+z)\H+u + d+x+z] 

= hH+x(u+z)+z[H+d+x+u-z\ 

Neglecting squares of small quantities 

h—x 



z=u. 



H+d+2x' 



hJT 

.'. y : z=ff+d+2x : x=x-{ : x=Hh+x* : x 2 . 

x 

82. If h is the depth immersed and if w, v/ are the intrinsic weights 
of the liquid and pyramid, 

v/h 3 =wk?. 

The horizontal pressure of the liquid perpendicular to the dividing 

plane is wh . t « . ~ , and the centre of pressure is at the distance 

k 

- from the hinge. 

.\ the moment of the horizontal pressure about the hinge 

=*\w —j- = $■ w'ah 2 k. 

The vertical pressure on the half-pyramid 

= weight of half-pyramid = % u/a 2 h. 

The centre of gravity of the half-pyramid is fa from the dividing 
plane. 

3 h 

The line of action of the vertical pressure is = t « from the plane. 

/.in order that the parts may remain in contact, 

-aA 2 ^+^a 2 A.^a>ga 2 A.gO, 

or k{2h 2 + 3a 2 )>3a% 

vf ( 3a 2 \» 
or w > \W+toi 2 ) * 
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83. Let ABCDE be the pentagon, A being the lowest vertex, and 
AF the perpendicular from A upon CD. 

Then, if c is the side of the hexagon, 

^=AF=c cos 54°+c cos 18° = 2c cos 36° . cos 18°. 
The depth of A below the surface being a, the 
depth of C and D is ^ , and 

depth of £=| + csin72°=a^ 6 4 — . 

Now it is shewn on page 177 that, if a, 0, y are the depths of the 
angular points of a triangle, and z the depth of its centre of pressure, 

22((a+/3+y)=a 2 +/S 2 +y 2 +/3y+ya+a/3. 

Employing this formula we find that the depths of the centres of 
pressure of ACD and ABC are respectively 

11 , 5+Vo 

16* and 7W5 fl * 

Let a represent the area ABC ; 

., AriT . AF.CF a 2 tan 18° ^5 + 1 

tnen area AUl)=a. ^o- — in bo B fl 5-5 — — ^5=a a — • 

£c* sin 108 2c 2 sin 72 2 

The depths of the centroids of ACD and ABC are respectively - a, 

o 

and ^(7+^5). 

Hence, if z is the depth of the centre of pressure of the pentagon, 
- fj5 + l„ , W5 J J5 + l ^ 11a , 7W5 „ 5 + ^5 
*|- 8 - ^ + -^««}=-X-^'T6 + -6- aa '7TV5 a> 

and/. 5=^(29+3 v /5). 

84. Let A be breadth of quadrilateral. 

Depths of centres of pressure of ACD and ABC are £ h and \h. 

Pressures on ACD and ABC are 

£wA 2 .CZ) and \wh*.AB. 

.*. depth of centre of pressure 

i.$CD+\.%AB SCD+AB 
- \CD + IAB 4CD+2AB 

/.it divides the breadth in the ratio 

ZCD+AB : CD + AB 9 
and will be at the intersection of AC and BD if 

3CZ)+,1B AB 



CD+AB " (72) 



or A&^SCD*. 
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85. Let v be the volume of water displaced in the position of 
equilibrium, and v+ky the volume of the other liquid displaced when 
there is equilibrium ; 

then w=62'5v=:62'58(v+ky). 

Placing the hydrometer in the liquid so that v is displaced, and 

letting it go, the acceleration when it has descended through the 

space x 

w—62*h8(v+kx) 
= ~ * y - x. 

The motion is therefore the same as that of a particle attracted to 
a centre of force, the force of attraction being proportional to the 
distance. 

Hence the hydrometer will descend to the distance 2y, 

2(1-*) w 



i.e. 



ks *62'5' 



If we take the unit of weight to be the weight of a cubic foot of 
water, we obtain the stated result. 

86. Let r be the radius of the sphere, x the depth of its centre 
below the surface of the water. 

The distance between the centre and the plane of contact, being the 
sub-normal, is 2a, 

Also r 2 =4a(a+c). 

The area of the circle of contact is 4jrac, 

The pressure on the sphere is equal to the weight of the water 
which would be contained in a cylinder whose base is the circle of 
contact, and whose height is x+2a, together with that contained by 
the segment of the sphere cut off by the plane of contact. The volume 
of this segment is 

§7rr 2 (r-2a)-J. 2a. 47roc, 

.'. § irr 3 - £ irf^a- f ira 2 c+4irac(x+ 2a) ^firr 3 . 

Using the above value of r 8 , this gives x=4a 2 /dc. 

87. The volume of air in the room is 4200 cubic feet. 

.'. when the barometer falls from 30 to 29 inches — of this leaves 

the room. 

The weight is therefore that of 

4200x1728 33 . ._ „ OQOO 3 . „ Af , AO n. 

oV r x t^t grains=ll lbs. 2833 r grains =11*4048 lbs. 

oO iOU 



or 
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88. Let 2d r be the angle made by the rth bounding radius with the 
surface, and let there be n sectors, a being the radius. 

The area of the first r sectors is a 2 r . 

sin 2 3 
The depth of the centre of gravity is a —w— -. 

a r 

.*. w . a 3 sin 2 6 r =-w. - — . — , 

n 2 7r 

T 

sin 2 r =-, 
the rth radius makes an angle 2 sin -1 I - with the surface. 

89. Let h be the height of the cylinder, a its sectional area. 

The pressure on the conical surface when it is uppermost is 

w.§a.3A=2waA. 
When it is lowest it is 

wah + \u)a . 3 A = 2wah. 

90. The weight of the air in the balloon is that of ^ grains, (see 

Ex. 87), and the weight of a cubic inch of water is therefore that of 
264 grains. 

33 

At a depth x the balloon displaces cubic inches of water, the 

33 
weight of which is that of ««-r— x 264 grains. 

The weight of the lead in water is 






lnA 5200 . . 
100= - _- grams wt. 



. 5?00 25 = _J3_ 
'• 57 + 72 33+JP 

/. #=62*14... feet. 

91. If v is the volume of the hydrometer at first, and v' after ex- 
pansion, and if p and p are the densities of the fluid, 

p (V - KX) =p' (V - KX^ == p' (t/ - Ktfg), 

.-. tf-v^K (x 2 -x\) and (-,-1)v=k(x-x 1 ). 

i/-v l/p'-l/p 
v 1/p 2 1 * 
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92. The resultant pressure of the liquid is in the vertical through 
the centre of the hemisphere, and, taking moments about the centre 

fa sin 6 . W=c cos 9 . w. 

93. Let U and V be the volumes of the hemisphere and the 
cylinder, W the weight of the float. 

Then taking the hemisphere as the lowest portion, 
W=(U+ V) w= U. 3M7=-Ytf+| v\ 2w. 

> . X • fit • • A. » TT. 

94. Let p be the pressure of the air forced in, 

t the tension in the material of the tube, 

- is the radius of the portions which are not in contact 
P 

with the sides of the triangle. 

.'. — is their length. 
V 

If a be the length of the side of the triangle, the portion in contact 

with each side is a - 2J3 - . 

P 

The original circumference of the tube was -^ , 

whence t is determined and thus the other quantities required. 

95. Let I be the length of the faulty barometer, 

y the true reading when its reading is c. 
A length I - a of the tube is filled with air at a pressure a -a. 
A length I - b of the tube is filled with air at a pressure £ - b. 
A length I - c of the tube is filled with air at a pressure y—c. 
... (Z-a)(a-a) = (^-6)03-6)=(^-c)(y-c), 
Z(a-0-a+&)=a(a-a)-&(0-6). 
. , (a-6)(fl-6) 

(a-c)(a-q)-(fe-c)(/?-6) 
l ~ C - a -a-(/3-6) 

^a „( *-«)(« -«) _ (a -a) (0-6 ) (a- b ) __ 

ana y c- l _ c - (a _ c) ( a _ a) _ ( 6_ c} (0_&)' 
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96. See Chap. VIII. Ex. 9. 

97. Any such area as A n A 1 A 2 A 3 must be a maximum consistently 
with keeping its sides constant. 

.*.it must be inscribable in a circle, and hence the whole polygon 
is inscribable in a circle*. 

If R be the radius of this circle, 

R= - ° x — = - C - 2 - =s c s — 



sina! sina 2 Sina 3 

This problem however can be solved without assuming the property 
of the maximum area. 

The fluid pressure being normal to the surfaces, and the same at all 
points of the same horizontal plane, the problem at once resolves itself 
into the equilibrium of a polygon of jointed rods, in one plane, the rods 
being acted upon, outwards, by normal forces at their middle points, 
proportional to their lengths. 

Consider the equilibrium of four of the rods forming the polygon 
A X A 2 A Z A V Taking any one rod A 1 A 2y the resultant of the stresses at 
A 1 and A 2 must bisect the rod at right angles. 

These stresses are therefore equal, and consequently it follows that 
the stresses at all the joints are the same. 

Let 6 be the inclination to A 2 A 1 of the stress at A 2 or A l9 <j> the 
inclination to A%A Z of the stress at A 2 or A s , and y\t the inclination to 
A z of the stress at A 3 or A A . 

Then, pr being the force on a rod of length r, and R the stress at 
each joint, 

p . A 1 A 2 =2Rsin 8, p . A 2 A S =2R sin <j>> p . A s A^=2Rmn^. 

sin 6 sin <f> sin yft ' 

Let the straight line through A 2 at right angles to the direction of 
R intersect in the straight line bisecting A X A 2 at right angles, and in 
Q the straight line bisecting A 2 A Z at right angles. 

Then A 2 0=^A 1 A 2 co&oc9=\A 2 A z oo^G<^—A 2 (y i 

and therefore and O are coincident, and is the centre of the circle 
passing through A 1 A 2 A 3 , 

Moreover, 0A 2 and 0A 3 are perpendicular to the directions of R at 
A 2 and A z , so that these directions are tangents to the circle. 

Again it can be shewn, in exactly the same manner, that the 
straight line bisecting A$A A at right angles passes through the point 
0. 

* A simple proof of this well-known theorem is given, with the aid of 
Trigonometry, and without infinitesimal changes, by Mr R. Chartres in Vol. 
lvui., page 35, of " Solutions from the Educational Times." 
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Hence it follows that A x , A 2 , A 3 , A A are concyclic, and therefore 
that all the angular points of the polygon are concyclic. 

Finally, each of the expressions c^osecc^, c 2 coseca 2 , &£'> repre- 
sents the diameter of the circle. 

98. Taking the width of the bridge as the unit of length, let 
AB= 2a. 

Then if W is the moveable load, and if y is the depression caused by 
placing W&t G y 

W=2ayw. 

Now shift W from G to C and let 8 be the angular tilt ; then 

W.CG=2w.$a 2 6.$a, 

and if y is the rise of A, y = AG . 0. 

.*. CG . AG is constant, equal to X say. 
Similarly BG . GD and PG . GQ are each equal to the same constant. 
In the last case, if <f> is the angular tilt, 

y=QG.<l>. 
The depression of R due to load at P 

= QR.<t>=^.y=lQR.PG=*(QG+GR)PG=y+*GR.PG. 

"When load is placed at R, let Q' be the point which is unaltered in 
level, and let ^ be the angular tilt ; then y = (j[G . ^, and QfG . RG =X. 

.-. depression of P=PQ'.ylr=*^y.y=ZPQ'.RG 

=y + *GR.PG. 

99. Let S be the area of the shell, A that of the elliptic lamina. 
Then JS sin a = A sin 6, 

since the projection of each on a plane perpendicular to the axis of the 
cone must be the same. 

If the rim be divided into small parts and the points of division 
joined to the vertex and the point where the axis cuts the base, the 
small triangles so formed are not only in the constant ratio of sin 6 to 
sin a, but have their centres of gravity at the same depth. Hence the 
e.g. of the shell and lamina being at the same depth, the whole pres- 
sures vary as their areas, i.e. are as sin 9 to sin a. 

Let h be the length of the axis cut off by a plane through the point 
of the rim nearest the vertex perpendicular to the axis, 2a the major- 
axis of the lamina. 

a sin 6-h tan a 

=s distance of the eg. of the shell or lamina from the axis. 
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.*. if W be the weight of shell and lamina, w that of the attached 
particle, the shell will float with axis vertical if 

w.ht&aa— W. (a sin 9 — h tan a). 

_ T 2a sin 2a 

Now , = - — ja r , 

h sec a sm (9 - a) 

or - =sin 9 cot a - cos 9. 

a 

.•.we require that 

w (sin 9 - cos 9 tan a) = TT[cos 9 tan a], 
w tana 



or 



W tan — tan a ' 



If the liquid be sufficiently dense, it is clear that the rim may be 
entirely out of the liquid and in that case the eg. of the displaced 
liquid is in the axis of the cone. 

100. If 2a be the angle between the rods, vf, w the intrinsic 
weights of the rods and water, 9 the small angular displacement, 

av/=cw. 
The length of one rod immersed increases to 

ccosasec(a+0) or c (1+9 tana). 
The moment about A of the liquid pressure upon it 

=iwc 2 (l + 0tana) 2 sin(a + 0) 
=tyvc 2 {sin a+9 (sec a+tan a sin a)} . 

Putting —9 for 9 and subtracting, the resultant moment of the 
liquid pressure on the two rods 

= w&9 (sec a + tan a sin a). 

The resultant moment of the weights of the two rods 

=\w'a . a sin (a+9) - fyit/a . a sin (a - 9) =■ vfa % cos a . 9. 

.•. the equilibrium is stable if 

w& (sec a + tan a sin a)>w'a 2 cos a, 
or c (sec a + tan a sin a) > a cos a, 

or c (3 - cos 2a) > a (1 + cos 2a). 
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Examples. 

1. (1) The pressure on a square foot = the weight of 100 cubic 
feet of water 

=6250 lbs. weight =201,250 poundals. 

The pressure on a square centimetre = the weight of 3047*97 cubic 
centimetres of water 

=3047*97 grammes weight =2,990,058*57 dynes. 

(2) There is an addition to the pressure per square foot of the 
weight of 33 cubic feet of water 

=2062*5 lbs. weight =66,412*5 poundals. 

.*. Total pressure =267,662*5 poundals. 

On a square centimetre there is an additional pressure of 33 per 
cent. =986,719*3281 dynes. 

.*. Total pressure =3,976,777*8981 dynes. 

2. The pressure on the base = weight of half a cubic foot of olive 
oil + weight of half a cubic foot of alcohol 

=i [*9 + *8] x weight of a cubic foot of water 

= *85 x 2012-5 poundals = 1710-625 poundals. 

On the upper half of a side the pressure is equal to the weight of a 
column of alcohol 3 inches in depth and half a square foot in area, i.e. 

= I x -8 x 2012*5 poundals =201 -25 poundals. 

On the lower half of a side the pressure is equal to the weight of a 
column of alcohol 6 inches high and of olive oil 3 inches high on a base 
of half a square foot 

= [} x -8 + £ x -9] x 2012-5 poundals 

= •3125 x 2012-5 poundals =629*00625 poundals. 

.-. Total pressure on a side =830*25625 poundals. 
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3. 14J lbs. weight per square inch 

= 14J-r*0022 grammes weight on ( 7 ) sq. cm. 

29 x (*3937) 2 x 981 , 
" ¥^0022 dyneS *** "* Cm - 

= 1,002,178-67745661 dynes per sq. cm. 

4. Resultant horizontal pressure on the curved surface = that on 
the plane surface = weight of a cylinder of the fluid of height 10 cm. 
and base IOOtt sq. cm. 

= 13*568 x 1000ir x 981 dynes 
=41,815,349-4528 dynes (taking tt= 3-1416). 

Resultant vertical pressure 

2 
= weight of - ir x 1000 cub. cm. of the liquid 

= 13*568 x ?^L x 981 dynes =27,877,232*96853 dynes. 
o 

5. The new pressure =1728 x 15 lbs. weight per sq. inch 

= 834,624 poundals per sq. inch. 

Now 1 cm. = -3937 inch. 

.-. 1 sq. cm. = '155 sq. inch (nearly). 
.-. This pressure 

= 834,624 x 13825 x 155 dynes per sq. cm. 

= 1,788,494,904 dynes per sq. cm. 

6. Pressure of atmosphere on a sq. inch 

= weight of 30 cub. inches of mercury 

13-568x30x2012-5 , . A + Ag%k , , 

= j^g poundals=474-05 poundals. 

Height of barometer =2\ x 30*4797 cm. 

= 76*2 cm. (q. p.). 
Pressure on a sq. cm. = weight" of 76*2 cub. cm. of mercury 
= 76-2 x 13-568x981 dynes =1,014,237*85 dynes (q. p.). 

7. The internal pressure exceeds the external pressure by 6*56 lbs. 
weight per sq. inch 

= 211*232 poundals per sq. inch. 

.-. Tension per linear inch of the curved surface of the cylinder 

= 211 *232 r poundals, 
r being the radius of the cylinder. 

8. The atmospheric pressure is one megadyne per sq. cm. (vide 
Errata in Treatise). 
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The excesses of internal pressure over that of the atmosphere 

are : — 

,. N 2x80 

(1) — 5 — =80 dynes per sq. cm. 

(ii) ' =24 dynes per sq. cm. 

These are in the ratio 10 : 3. 

The masses are proportional to the products of the pressure and 
volume, and are therefore in the ratio 

1,000,080x8 : 1,000,024x15-625 

= 1,600,128 : 3,125,075 = 1 : 2 nearly. 

9. When floating, a length <rl/p feet is immersed. When totally 
immersed, the force required to hold it down exceeds its weight by the 
weight of a volume 



p-<r 



Ik of water, 



i.e. by (p — a) g*l poundals. 

The average force exerted in depressing it is one-half of this 
amount. 

.'. Workdone= (p-o-)^x^ — -I 

* P 

— -gnP— — — foot-poundals. 
A p 

10. In this case, let x be the distance through which the block 
must be depressed, in order to be wholly immersed. 

Then - 1 — x is the rise of the water-surface. 

P 



KX 



.*. Work done=-gicl 2 f 1 - —, J ^— - " foot-poundals, 

the average force exerted being the same as in (9). 

11. Force required to raise the block so long as it is totally im- 
mersed = </ (<r - p) kI poundals. 

.•. Work done in lifting the block till its upper surface is in the 
surface of the water 

=g(o-—p)id(h- 1) foot-poundals. 

In raising it out of the water, the work done is 

} {gakl +g(<r-p)kl)l foot-poundals. * 

.*. Total work done —g (a- - p) klh + igpkl? foot-poundals. 



CHAPTER XIV. 
Examples. 

1. We have (see Art. 200) 

.*. when ON remains constant, the difference of pressure varies as 
the difference of the values of QN 2 . 

2. Let I be the Iatus rectum of the vessel, 

-Hi m that of the liquid surface. 

The volume of a paraboloid being one-half that of the cylinder on 
the same base and of the same height, the surface of the fluid must 
bisect the axis of the vessel. 

.*. r being the radius of the rim, 



3. Let a> be the angular velocity of rotation, 

h the height, r the radius of the cylinder, 

x the depth immersed, 

<r, p the densities of solid and fluid. 

<r r . ©V 3 
.-. #=- A+-j — . 

P *9 

4 The common surface must be a surface of equal pressure in 
both liquids, which is possible, since the latera recta of the surfaces 
of equilibrium are independent of the densities of the fluids. 

The surface is ,\ a paraboloid of revolution. 
B E. H. 7 
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5. If the paraboloidal surface touches the surface of the cone at 
the rim, 

A 2 tan a a=^ . § and .\ » 2 =f cot 2 a. 



2 

If a> < cot a a /r , the depth of the vertex of the paraboloid below 

the rim of the cone 

—r 3 ' + -? = ^r- i where r=Atana, 

tt) 2 ?* 2 
and the volume which runs over ~bn* . -=— • 

If » 2 =| cot 2 a, this is ±irA 8 tan 2 a. 

If a> 2 > ? cot 2 a, the liquid left in the cone will touch its surface in a 

circle of radius 2x tan a, such that 

(2*tana) 2 =^tf. 
or 

Hence #=*^ cot 2 a/2<» 2 , and the volume of liquid left in the cone 

= Jira 2 tan 2 a • 2x - ^ira? 3 tan 2 a 
tt_ (foot* a 

6. If # is the part of the axis not immersed, and a the radius of the 
bowl, the quantity which runs over is faa*x, where a?=-^— , and is 

therefore 



ira) 2 a 4 
4^ * 



7. Let PyQbe the free surfaces of the liquid in the tube, A NM the 
axis of rotation, C the centre of the ellipse. Then PQ passes through 
C y the tube being half full 

Draw PN, QM, CR, perpendicular to the axis of rotation 



PW-&.AN, QJf*=%.AM; 



8. If we imagine the cylinder extended and the free surface com- 
pleted to the curved surface of the cylinder, we see that the pressure on 
the upper end is equal to the weight of a volume 

Le. it is gpira* • —r— poundals. 
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The whole pressure on the curved surface 

i Tr . » 2 «H « ft . *fa*\ , » 2 « 2 « » 2 a 2 

9. If IF be the weight of the bowl, a its radius, 

W together with the weight of fluid in the bowl must be equal to the 
weight of fluid in a cylinder on the same base as the hemisphere and 
having a length a of its axis immersed in rotating fluid. 

* 

10. Let r be the distance of the cork from the axis, w, W the 
weights of the cork and of the water it displaces. The fluid pressure 
is equivalent to a force vertically upwards, equal to W, and a force to 

W 

the axis equal to — «V. * 

9 
Let T be tension of string, and 6 its inclination to the vertical 

Then Tcoa6=W-w, and — ©V-^sin^^-wV, 

^ 9 9 

W w 

so that — ©Vcostfss-wV cos 0+(W-w)sm6. 

9 9 

If a be the radius of the cylinder, and I the length of the string, 

a=sr+Zsin0. 
These equations determine r and 6. 

11. a) being the required velocity, 

iA.ira 2 =i-g--.ira 2 ; 



.•. v=^2gh/a. 



12. In this case we have 



» 2 # A* h A 8 
*~fy ,,r, 3*~"* , 3 ,ir, 3 ; 






V h 



7—2 
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13. if * ^ ?2 a> i. e . a> :}> 2 V2^/a, the free surface does not intersect 

the middle tube and .'.no liquid flows out. 

When <»=2<sj2g/a the vertex of the paraboloidal free surface is at 
the point of intersection of the axis of rotation and the middle tube. 

The whole pressure on tube at rest 

m 

= %gpa> x surface of tube. 

The pressure on the middle tube when rotating is J of what it was 
before, since the area of the segment of the parabola = J area of circum- 
scribing square. 

.\ whole pressure on tube = %gpa x surface of tube. 

14. Let AB be a section of the surface of edual pressure which 
cuts the sphere (centre 0) at right angles at P. OAN being the axis of 
rotation 

PN*=%AN=Zc.AN; 



» 2 



,\ <r&m 2 0=3c. — 5 — . 

The real root of which is given by cos 6— \. • 

Pressure at P= pressure at A —gp . AE 

( ccos0\ ft 

15. Suppose the free surface continued above the lid ; volume of 
fluid above lid 

The weight of this is the upward pressure on the lid, and the centre 
of pressure is the centre of the lid, i.e. its eg. The whole volume of 
fluid in the cylinder 

•\ weight of lid : weight of fluid = a 2 -6 s : a* +6*. 

16. Replace the spheres by vertical columns of liquid of length 6. 

* « • 

The free paraboloidal surface will pass through the tops of these 
columns, ana intersect the axis at the depth x below the centre, such 
that a 2 © 2 =*2g (b +x). 
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The pressure in the tube at the depth y below the centre 

=P {W (a 2 - f) +9 tv - #)} > 

-SM-*-';)"}. 

which is greatest when y==^®"" 2 . 

17. If T is the centre of the face, we have to find the point of 
contact with the face of a paraboloid of Iatus rectum 2g/v* 9 the axis of 
which is in the vertical through T. If P is the point of contact and 
PN its ordinate, and A the vertex of the paraboloid, 

PN=2ANcota, PN*=MaNi 

.-. Pl?=£t*aa, and PT=£ ™S. 
a> 2 » 2 cos 2 a 

18. Since the volume of the paraboloid is one-half that of a cylinder 
of the same base and height, the depth of the vertex of the paraboloid 

when the water reaches the rim is — , 

tar n 

19. The depth of the vertex of the paraboloidal surface when the 

water has ceased to flow over is -£— . 

*9 

The volume of water which has run over is .". 

=f — x volume of hemisphere, 
y 

.*. the pressure on the table : original weight of liquid 

= l-t r *--:l=8sr-3«V:80F. 

if 

r 2 © 2 

20. The free surface would cut the cylinder at a distance -=— 

above the top ; 

.*. the pressure on the top is 

a ^ r 2 © 2 a r*a> 2 
it 4g 4 g 

2a being the angle of the wedge. 
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21. We have to find the weight of the liquid which would fill the 
space between the cone, vertical lines through all points of its base, and 
a paraboloidal surface of latus rectum 2g/a>* and vertex at the vertex of 
the cone. 

If ^ be the height of such a surface above the vertex, A 2 tan 2 a=-^£. 

The required weight : that of the fluid in the cone as 

2h k.h 
3 + 2 : 3' 

A £»£A, and 3A« 2 =40rcot 8 a. 

22. If P is a point in the free surface we find, by considering the 
motion of an element as in Art. 199, that 

» 8 • NO is constant. 

1 
If o> . PN a - , vPPN is constant, 

.-. PNvNG, 
•'• the surface is that of a right circular cone. 



CHAPTER XV. 
Examples. 

1. If the required point divide the side of the cone in the ratio 
x : 1 -x, h being the height, 2a the angle of the cone, 

the water issues with a vertical velocity upwards \fZghx sin a and a 
horizontal velocity */2ghx cos a. 

If it is to fall just outside the base, the time of flight must be 

(1 —x) h tana 

\j%ghx cos a 
.'. (1 -x) A=the vertical space described in this time, 

(l-«jWtan»« J^^ zina (l-__ttan« . 
™ 2ghxcoe?a * * ' t/Zghxeoaa ' 

_ (l-#)tan 2 a . q 

.\ l- v . ' 2 tan*a, 

Ax cos 2 a 

or (l-#)tan*a=*_e. 

tan 8 a 



• • * •— 



4+tan 3 a* 



2. Taking the case of a hole at an angular distance 6 from the 
highest point of the circle. 

Its depth is a (1 - cos 0). 

.*. the time of falling to the level of the lowest point is 

^(1+008 0) 

9 

.*. the distance from the plane face of the point where the fluid 
from this hole meets the horizontal plane through the lowest point is 



■/' 



________ f9st 

V2^a(l-cos0). a/ — (1+COS0) — 2asin& 
The horizontal distance from the centre is a sin 6, 
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.'. the point lies on a line through the lowest point inclined to the 
vertical face at an angle tan"" 1 2, i.e. the trace on the plane is two 
straight lines. 

3. If A be the height of a cylinder, a its radius, p the density of 
the water in it, w the weight of that water, 

w=pg .ira?,h. 
The pressure on the curved surface 

= 2ira .h. pg . -=pgirah 2 =- w. 

If the downward acceleration be /, the pressures are all diminished 
in the ratio g : g— /. 

If the acceleration / be upwards they are increased in the ratio 

9 • 9+f- 

.*. the pressures are 2—^w. - and ^—^vf—,. 

gaga' 

And f——, — ?. 

g w + w g w + w 

If the cylinders be similar the pressures are equal, if they be of 
equal height, the pressures are in the inverse ratio of the radii. 

4. If W is given weight, W weight of cone, and w of water, 

acceleration =/= w + w+w g. 

w 
Hence —./== upward force on the water, 

if 

= resultant vertical pressure— w, 
and whole pressure =cosec a (resultant pressure). 

5. If A, A' be the heights of the cones, 

a, the areas of their bases, 
the weights of the contained water are as ah : phf. 

,\ the. acceleration is ,  *??, g=f. 
The pressure on the bases are as 

9 9 

which are always equal. 
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The weights in the second case are as 

The pressures on the bases are as 

(ff-f)ah(l-m):(ff+f)eh'(l-n), 
where f ^ ah(l-m*)-0h' (1-n*) _ 

.*. the pressures are as 

(1 - w s ) (1 -m) : (1 - w 8 ) (1 - n) y 
i.e. as l+w+ n 2 : 1+m+m 2 . 

6. Let w 9 u/ be the intrinsic weights of the water and the material 
of the shells, a . b their radii, Xo, \b their thicknesses. 

The weights of the shells are 

vf . 4ira 2 . \a . = 4wX'Mr'a 3 
and 4jr\v/&. 

The contained fluids weigh }irwa 8 , Jirw^ 3 respectively 

,\ the acceleration = -s — =^. a. 

a'+o 3 * 

The resultant pressure on the larger shell 






(' 



tH^ 3 ' 
and that on the smaller 

/ + a 3 T^ > /~S frt<7 iHft3- 

7. If p, a* are the densities of lead and water, the acceleration in 

the water is - — a; 
P 

 c 

.*. if V is the velocity on reaching the water, v the velocity at 
the depth x, 

8. If nk 9 k, be the areas of the pipes, the energy expended per unit 
of time is 

$p.nkV.V*=$pknV* 9 

p being the mass of unit volume of water. 

The work done is to raise a column of height h with velocity v> and 
is therefore pgkkv per unit of time. 

Equating these we obtain 

h**nV*/2gv. 
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9. If F be the friction when v is the velocity and a the area of 
wetted surface, 

F=k.av*. 

When v=12anda=l, F=l, ,\ h=^. 

Thus when v=3 9 a=ir x ^ x 5280, 

F=Tfo x 7 x 440ir x 9 = ?^ lbs. wt. 

385ir 
The work done against friction is x 3 ft. lbs. per sec. 

rp, , . . 385ir 3 21 

The loss of h. p. is —zr- .^7; = ^ w=3-3 H. P., q. p. 

z OOO 20 

10. A volume 2nAl is pumped out per minute. 

2nAl 
/. — «- is the velocity per minute with which it issues. 

11. The accelerations down the plane in the two cases are 

gr(sina+pcosa), g (sin a - fi cos a). 

In the first case let the normal to the free surface be inclined to the 
plane at the angle 6, 

Then since the resultant fluid pressure R on an element m in the 
surface and the weight mg have for their resultant the force 

mg (sina+pcosa) 
parallel to the plane, it follows that 

R cos $ + mg sin a = mg (sin a + y. cos a), 
and Rsm0—mgcosa=O, 

.'. tan ^=s^- 1 =oot X, if X is the angle of friction. 
Similarly, in the second case, tan </>= - cot X ; 
•*. the angle between the two directions is 2X. 

12. Let /i be the acceleration of the train when ascending and/ 2 
when descending. 

Then if Mf is the resultant of the pull of the engine and the 
resistance, 

Mf x =*Mf- Mg sin a, Mf 2 =Mf+Mg sin a. 

Then, if 6 is the inclination to the vertical of the normal to the free 
surface when the train is ascending, 

tan 6 (g +f x sin a) =/ x cos a (Art. 212). 

If <f> is the inclination when the train is descending it follows, by 
the same process of reasoning as that of Art. 212, that 

tan <f> (g -f t sin a) =/ 2 cos a. 
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We hence obtain 

tap e = cos a(f-g sing) ^ cos a (/+g sin a) 

^cos a a+/sina ' v ^r cos 2 a-/ sin o ' 

and it follows that 

tan (0-^)= tan 2a. 

13. If/ is the acceleration we have as in Ex. 12, 

tan $ (g +/sin a) =/cos a, tan (g -/sin £) =/cos /3. 
» T / if sin fl-if sin a 

Now J f+* — » 

/. if M' : J/*=sec£ : sec a, 

/^ sin £(£-« ) 
$r cosi03+aj , 
and we then find that 

tan 6 = tan <f> = tan ^-^ . 

14 The velocity of the particle on reaching the fluid is *J%ga cos a, 
a being the radius of the axis of the tube. 

Let m, If be the masses of the particle and fluid, which we shall 
suppose inelastic, u the velocity acquired by the fluid. 

Then (m+M)u= my/2ga cos a, 

•'. u=—-jg*/2gacoaa. 

At a distance 6 from the particle, the impulsive pressure is such as 
to produce the velocity u in the portion beyond that point ; 

.\ the impulse — -= — Mu=l 1 - — } ^—-sl^ga cos a. 

15. Let h be the height, r the radius of the cylinder. 

The impulsive pressure at a depth x is such as to destroy a velocity 
v in a column of fluid of height x and .'. —px . v. 

The whole impulse on the curved surface 

»■ vp . 2nrh . - =vptrrh 2 . 

16. The impulse at the depth x below the vertex is pvx. 

If A is the height of the cone, the resultant impulse on the base 
=pvnh z tan 2 a, and the whole impulse on the curved surface 

—pv . nh? tan 2 a cosec a . %h. (Art. 215.) 

If t is the impulsive tension at the depth x in direction of the 
generating lines, 2nx tan a . t cos a = resultant vertical impulse on curved 
surface =\pvnx* tan 2 a. 
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17. The impulsive pressure on the cork is sufficient to cause an 
equal volume of water to move with the velocity imparted to the vessel. 
The cork being lighter than water, the velocity it acquires is greater 
than that of the vessel and the contained water. 

18. If yft is the deviation from the central radius of the normal to 
the surface of the water, which is flowing without any acceleration in 
the direction of its motion, then, as in Art. 205, 

sinifr : sin^ :: w 2 -— : g, 

, .©V 2000x5280/ 2*- \« . , 

•'■ * = *y = g Ux60x6o J =^ nearly. 

19. The pressure of the pipe on the water is pv 2 /r per unit length, 
r being the radius of the circle. 

. * . the tension = pressure x radius = pfl 2 . 

Since this is independent of the curvature, the second part follows 
immediately. 

20. The momentum destroyed is that of the fluid as it enters the 
bucket diminished by its vertical momentum as it issues from the 
aperture in the base of the bucket. 

The mass which falls into the bucket in one second is ^ lb., and its 
velocity in feet per second 

= {9OO+160}*=»37-619, 
the vertical velocity of the issuing fluid 

= V2^. ^-5-674, 

.'. the extra downward pressure, which is the rate of destruction of 
momentum, 

= tV (37*619 -5-674) poundals =2*129 poundals«*066 lbs. weight 
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1. Let 20 be the angle made by the rth bounding radius with the 
surface. 

The area of the first r sectors is a 2 0, and the depth of the centroid 
of the area is 

a sin 2 6 1 6. 

« • q a r * a * 2a . * A r 

.*. a 3 sin 2 0=-. — — . — , or sin 8 0=-. 
n 2 ir n 

2. If h is the depth of the centre of the sphere below the surface, 
we have, from Art. 57, 

X= wircPh cos 6 ', Y - § wira* = wntfh sin 0, 

and, measuring off from a fixed point two sides of a rectangle pro- 
portional to cos B and sin 0, the locus of the end of the diagonal is a 
circle. 

3. Let the weight of the rod be W 9 that of the heavy particle m W, 
2a the length of the rod. 

The distance of the c. g. of the combination from the lower end of 
the rod is a/(m+l). 

The length immersed is 2 i a. 

.*. The c. g. of the displaced water is a from the lower end. 

.'. The equilibrium is stable if 

1 ^m+1 ; >- 

<— or m>vw-l. 



m + l n 

4. Let h be the height of each triangular face. 
The pressure on each face is 2 TPcosec/3/w. 
The centre of pressure is distant J A from the hinge. 
The centre of gravity is distant J k from the hinge. 

.\ JAsinjS. w<fc-— , ^-£.J&-or ni*<tf TPcosec 2 /?. 
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The pressure on a face is obtained from the consideration of the 
fact that the vertical component of the n pressures on the faces is 
equal to the weight of water which would be contained between the 
pyramid and a cylinder on the same base and of the same height, i.e. 
to2TF. 

5. If v be the velocity of descent, d the depth of the centre of 
gravity, d + x that of the centre of pressure when the area is just 
immersed. After a time t the c. g. is at a depth d+vt, the pressure 
is wA (d+vt), A being the area. 

If d+x - z be now the depth of the centre of pressure, 

wA (d+vt) (d+x - z)=wAd . x, 
. ._ ja-» dx _j t xvt 

/. Z*=U + X r- — t=» + 



d+vt d+vt' 

If u be the rate of change of z, 

xv(t+r) xvt xudr 



w=* 



u 



d+v(t+r) d+vt (d+vt)(d+vt+vr)' 

=7-= r^ when t is indefinitely diminished. 

(d+vt) 2 * 



6. Let 2# be the height of the belL 

Then d+x is the depth of the surface of the water in the bell, which 
must be equal to k since the pressure within the bell is double the 
atmospheric pressure. 

.'. x=h — d, 

7. Let P, Q be the areas of the triangles formed by joining the 
points whose depths are a, £, y and 5, ft y respectively. 

Then P.J(a+0+>)+e.J(d+0+y)-(P+e)A. 

If x be the depth of the centre of pressure of the quadrilateral, then, 
from Art. 183, 

{P(a + p+y) + Q(P+y+8)}x 

jy a 2 + &+yfi+Py+ya+ap , „ /P+y»+y+T*+ff+flr 
 --r. g +v * 2 

Substituting for the ratio P : Q y 
6A^(a-d)=(3A-i8- y -d)(o 2 +i8 2 +y 2 +/3y+ y a+a/3) 

+ (a+/3 + y-3A) (p+y* + h* + y& + W+Py) 

= (M-p-y)(a-B)(a+0+y + b) + (a-d)(0*+y !i +py-a&). 
.-. x^(a+p+y + B)-^(fiy+ya+a0+a8+pB + yB).. 
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8. The pressure of the water on the face AC acts perpendicular to 
A C at a point which divides ACm the ratio 2:1. 

.*. unless tan(7<2tan^L, its direction cuts the base beyond B> 
and the maintenance of equilibrium depends on the weight of the 
prisms. 

Equilibrium will be maintained, if this condition hold, whatever 
may be the density of the prisms, provided they do not slip. 

The sectional area of the canal is ft 2 sin C cos C. 

The pressure on the base of each prism 

sss w . \ b sin C [b cos C+ pa] = w . J b sin C [(1 + p) b cos (7+ pc cos B\. 

The horizontal pressure on each prism is 

w. J ft 2 sin 2 C7. 

.*. the angle of friction must be greater than 

cot- 1 {(1 +p) cot C+p cot B) 
(remembering that b sin C= c sin B). 

9. The weight of the first cone is wna % cosec a, and the volume it 
encloses is Jtra 3 cot a. 

Commencing with the smallest cone, let p 1} p 2 >•••?» be the densities 
of the gases. 

Then wira 2 cosec a + Swat = k {p x - pj) ira\ 

4wira 2 cosec a + 4tto#c = h (p 2 - pj) 4ira 2 , 

••• ••• ••• ••• ••• 

nPwira* cosec a + 2niraK = £p w . wVa 2 . 

Multiplying these equations by 1, 2, 3,..., n and adding them 
together we obtain 

2 ( n(n+l) \* t 7i(n+l)(2n+l) 
wtra 2 cosec a k— H; — 'r + 2waic — - ^ ~ 



=k 1 ra*[p 1 +p i (2*-V) + ...+p n {n*-(n-iy}]. 
But, if Vn 9 a is the total mass of gas, 

Vn*<r=Vp l +Vp % (2*-l*) + ...+ Vp n {n*-(n-iy>}, 

.\ aw cosec a I— ^ — -J- +Jic»(n+l)(2n+l)=itan 8 (r. 

The upward force on the cone 

=k<rviM - wirn*a* cosec a - Itmqlk 

= x^ira (n - 1) {3w<m (w - 1) cosec a + 4k (2n - 1)}. 
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10. The area of the cross-section is [ ~ + -} a\ and that of the 



immersed portion is ~na\ 



V3 



•••p-iV-'-^+D* 



It will be found that the distance CO of the centroid of the cross- 
section from the centre is 

3V3a/(8ir+3V3). 

If H is the centroid of the immersed portion, 

4a 

3ir 8^+3^3" 

The radius of curvature r at 2? of the curve of buoyancy, which 
is a similar and similarly situated concentric ellipse 



/46\*Ate a 



Now ^<r, if £-< W3a 



3ir oir*f"3i^3 
which is the case. 

The equilibrium in the symmetrical position is therefore stable. 

11. Let x be the length of the bell occupied by air at 2"°, y that 
occupied by air at (T+t)*. 

ah=x{h + d + x), Art. 99, 

-y(A+<^y)/(i+J). 

The diminution of the tension of the chain is equal to W y the 

difference of weight of water displaced. 

Now . 2* ={(A+d)*+4aA}* - (A+d), 

• » 

i2aA2 
.\ 2(y-#)=={(A+<^H4aA}-*^- nearly. 

.'. the change of tension is 

Wkt/T{(h+d) 2 +4ak}* nearly. 

12. Let a pressure p be reduced by one stroke of the piston 
to mp. 



ii 



{ 
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The acceleration after one stroke is (1 -m)g, 
after two strokes (1— m 2 ) g etc. 

If n strokes be made at equal intervals t, the velocity acquired at 
the instant of the nth stroke is 

Just before the (»+l)th stroke, the velocity is 

13. Here m= — — r and the above velocity is 

n+1 J 

The limiting value of this, when n is infinite, is the value of 
gnt / ( H — ) — — = - 1 - > the whole time, nt y being given. 

• .*. i/—ev. 

14. Let x be the length of the fluid in the leg AB, .*. l-x the 
length in BC, a the angle ABC. 

Since the free surface must pass through both ends of the fluid, its 
vertex being at the end in AB> 

2(7. 

(I - a?) 2 sin 8 a=-^'{(l -x) cos a - x) 

is the equation giving x in terms of J. 

"We obtain 

2 
If -»>5ooP|, 

this expression becomes imaginary. 

Now the greatest value which l-x can have is 

2x sec a. (See Art. 206 (2).) 

.'. if I > x (1 + 2 sec a), 

some of the fluid will run out. 

B. E. H. 8 
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In the limiting case, 

4^tan 2 a=-?.a?; .\ #=^cot 2 a, 

CD* 2tt>* 

I = rpg cot a [cot a + 2 cosec a] , 

2© 2 Z COS 2 a + 2 COS a iQ a « 

= ;-— =cot 2 « - cosec 2 a. 

gr sin 2 a 2 

.*. before a> reaches the value given, water begins to flow out of the 
tube and continues so to flow till all is gone. 

15. Let x be the radius of the bubble at depth h. 

Neglecting surface tension, we have 

&?=2afi or a?=c#3/2. 

If the surface tension be t, p, p' the internal pressures at radii o, x 9 
w the intrinsic weight of water, 

Zwh—p=*— 

r c 

2wh—p'=s — . 

r x 



Also pcP^p'x 3 . 



x* — ^^ + -4c2-?c8=^0 
wh wh 2 

is the equation which determines x. 

16. Employing the notation of Art. 99, the work done in depressing 
the water surface through a small distance d 

=w(h+a+x)Ad. 

.*. the whole work done in depressing the water surface from of 
to x" 

=2w (h+a+x) Ad=wzA y 

if z is the depth of the c. g. of the water displaced below the horizontal 
plane at the height h above the level of the water outside. 

17. Let a cos a be the height of the free surface of the fluid at rest 
above the surface, a being the radius. 



The volume of the rest of the sphere is 

(1 - cos a) 2 (2 + cos a). 



ira 3 
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If the rotating liquid rise to a height a cos 6 above the centre, the 
free space is 

— (1 -cos0) 2 (2+cos0)+?ra 2 sin 2 0. 2 , 

.\ cos 3 o-3cosa — cos 8 0+3 cos 0=— -. — sin 4 0. 
The greatest elevation is a (cos 6 - cos a). 
The greatest depression is 

cA^sin 2 ^ . A x 

- a (cos0-cos a). 

2g v 

The latter is greater than the former if 

» 2 a . Q/ . ^ 

-7— sin 2 > cos - cos a. 
4 £ 
Now 

o 2 ** • o>i// ^ n 1 3- (cos 2 6+ cos a cos 0+ cos 2 a) 

— sin 2 0/(cos0-cosa)== * r-^^ '. 

4gr - ' 3 sin 8 

.\ the above inequality holds if 2 cos 2 - cos 2 a - cos a cos 6 is 
positive. 

But cos 6 > cos a 

/. this is true. 

.*. the greatest depression exceeds the greatest elevation. 

18. Let h be the height above the base of the cylinder of the top 
of the solid at first, and h when there is equilibrium. 

Let z be the greatest height above the top of the solid of the surface 
of the liquid above it, and x the depth below the top of the solid of the 
paraboloidal surface continued. 

a 2 « 2 
Then wa*h - Jira 2 . -=— = volume of liquid 

=ira 2 Jfc - Jira 2 . -5 — h volume of liquid above, 
.'. ira 2 (A - k)*=ira*z- fara* (z+x) + Jw -f x . x, 
but a 2 =-f (*+*), 

...^c*-*)-^(^-)+=5f. 

Also «•*"* ^_„/ ,ra8 f^L , _? ?£,. -I 

Alfl0 * T • ^ -« It "^ 2-^*-*r_ 
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19. Let v be the volume of each sphere, p, p' their densities, <r that 
of the fluid. 

The straight line joining the spheres must intersect the axis of 
rotation at fight angles. 

If a and b are the distances from the axis, 

<rtf« 2 a+ T=pv<v?a, 
(tvaFb - T= p'vooPb ; 
so that, if I be the length of the string, 

<r(a+b)=pa+p% a— b=*l. 

If we take account of gravity the line of the string must intersect 
the axis and may be inclined to it at an angle 3. 

"We then have the equations 

&va> 2 a + T sin 6 = pvaPa, 
ov<o 2 b - T sin 6 = p W6, 

gov + T cos 6 =gpv 9 

flw - T cos **gp'v. 

20. If the weight of the piston is equal to that of a depth y of 
water, and if x is the depth of the aperture below the piston, the jet 
rises to the height x+y. 

21. 5000 cubic feet of water are raised 12 feet and heated through 
6°. 

The work done in four hours, in foot-pounds, 

=60000 x 625 +30000 x 62'5 x 772 
-1451250000. 

Doubling this to obtain the actual work done by the engine, and 
dividing by 240x33000, we find that the h.p. is very nearly 366. 

22. A repetition of Ex. 6, Chapter XV. 

23. If water falls from a height h its velocity 

v—*JZgk. 

If k is the section of the tube, the volume of water which has its 
momentum destroyed in the time t is v/ct, and if m is the mass of unit 
volume, the momentum destroyed per unit of time=mv 2 K. 

This is the pressure, in poundals, exerted by the falling water, and 
therefore if it support a column of the height x, 

mipK=:mKffig, and .*. x=2h. 

24. If / is the acceleration, downwards, of the bucket 



/ 



■_ mg 
2JT+m* 



Let v.be the volume of the cork, <r its density, so that m=<rVy and 
T the tension of the string. 
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If P is the upward pressure of the water, taking unity as the 
density of water, 

vf-va-P • P~ 2Mvg 
Now mf^mg-P+T, 

If Fis the volume of water in the bucket, and h its height, V=irr*h. 

Pressure on curved surface at first 

V 2 
=gpnrk*=gp ^. 

Afterwards, pressure = {g-f) p , , 
and this is greater or less than before according as 



or f >or<> v /l+ £F -l. 



m — m 



25. The acceleration of the bucket containing m is aJJ . t _ . — , g 

downwards. 

Let T be the tension of the string, P the upward pressure of the 
water on m. 

mg p _m m—m' 

... T+mv^--) = ^\ m+m , g[l--), 

2m(M+m')g (l \ 
or ^" 2if+m+»i' Vo- /' 

26. If a be the area of the jet, v the velocity of efflux, x the 
depth. 

In a short time t a mass pavr emerges with velocity v. 

The work done is p . a . vt. 

2p 

The mass pihtf emerging 

The momentum emerging =ph?t=2pkt. 
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27. The spherical surface inside being smooth, it follows that the 
liquid revolves about the axis without rotation, and that if c is the 
distance of its centre from the axis, the acceleration of every element 
is the same and is equal to o> 8 o in the direction of that distance. 

The resultant liquid pressure on any element m, combined with the 
force mg, produces the force nu^c. 

The surfaces of equal pressure at any instant are parallel planes 
inclined to the vertical at the angle tan- 1 {g/a^c). 

28. As in the previous case the liquid revolves as a rigid body, 
without rotation, and if c is the distance CO of the axis of the aperture 
from the axis of the solid cylinder, the acceleration of every element is 
<o 2 c in the direction of that distance. 

If at anv instant 6 be the inclination of CO to the vertical, and 
the inclination to the vertical of the resultant fluid pressure R upon an 
element m of the fluid, 

.ft sin = ma> 2 c sin 0, R cos — mg = ma> 2 c cos 0, 

. • . tan = a> 2 c sin Bj{g + « 2 c cos 0). 

The surfaces of equal pressure are, at the instant, parallel planes 
inclined at the angle to the horizontal. 

29. The quantity m is the ratio of <o 2 a to p/a 2 ; 

Taking a point near the equator let x be its distance from the axis, 
x being nearly equal to a, and let and be the small inclinations to 
the equator of the radius vector and the normal. 

The attraction to the centre and the pressure in the normal have a 
resultant perpendicular to the axis, so that 

a> 2 # : p./r 2 = sin (0 - 0) : sin 0, 

, « 2 a 3 , 

f* 

t* sin 
and radius of curvature = Limit of — r — =a (1 -m). 

Again, taking a point P near the axis at the small distance #, let 
and be the small inclinations to the axis of the radius vector and the 
normal. 

Then if the normal at P meet the equator in K t we obtain, from the 
triangle of forces CKP, 

a> 2 # : ft/r 2 = sin (0 - 0) : cos 0, 

„ , aPxhP mxhP 

.'. 0-0= = — =-. 

f* a 3 

Now, if p is the radius of curvature, 

sin p p , . 

— s - — - = r - = £ and #=00, 
sin0 r 6 rnr 

.*. p-6=pm6 3 /a s , or 6— p{l-mlP/a 3 }. 
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30. If v is the velocity of efflux, Ku = kv. 
The equation of energy is that 

\p(h-x) Ku*+\pxKv*+gp(h-x) K.\ (h-x) 

is constant, and is equal to \gph 2 K\ so that 

w* {(h - x) k* + xK*} =#«* (2hx - a 8 ). 

This supposes that the issuing fluid enters into a horizontal tube 
fitting the aperture. 

If however the fluid issues into the open air and is scattered, then 
the pressure at the aperture is that due to a height h-x+u 2 /2g of 
water. 

If v be the velocity of efflux 

v*=2g(h-x)+u*. 

w 2 (iT 2 +«c 8 )=:2^(A-ar). 

31. The air in the jar can vibrate freely in the same period as the 
tuning-fork in the first case, but not in the other cases. It is therefore 
set in vibration, giving out the note natural to a jar of that depth in 
the first case, but being unable to vibrate in the same period as the 
fork in the other cases, gives but a slight sound. 

32. The sound of the clapping is reflected from each rail and the 
series following rapidly one on the other and falling on the ear pro- 
duces a sound resembling that produced by a cause which sets the 
air in vibration along a definite line, not instantaneously, but in rapid 
succession. 

33. Consider the water above a plane touching the lowest point of 
the sphere in the first case. 

Its volume is nR? . 2r- |»rr 8 = 2wr [iP - fr 8 ]. 

Its eg. is at a height r. 

When the sphere is gone the height of the eg. is 

2 r 3 
.*. it has fallen a distance ^ -^, 

.•. the loss of potential energy 

-JL 2*rri?-Vlx^ 
~fcrr» L 3\J X 3/2* 

= TFr[3i2 8 -2r 2 ]-=-3/2 2 . 

When the sphere is half out of the water, the height of the water is 

2r 3&-r* 
3 B* ' 
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The height of its eg. is 

2*r/ox>* ov r3i22-r* 2 . f2r 3/P-r» 3r\ 



.-. it has fallen ; 



3 
r 3 13^-8^ 



^(aJP-Sr*) 



87P 3^-2^ " 
Loss of potential energy 

W ** /lOW Q-2N 39# 2 -24r 2 . , 

=m m (13^-8^= 48ig2 ^ 32r2 xformerloss > 

When the sphere leaves the water, 2i being its weight, it has gained 
in potential energy 

2 r 3 

"■iff' 

.'. its k.e. must be 
Its velocity is therefore 



*/&$**-*>-*). 



34. The time of vibration of the fifth of G is § that of O and 
therefore £ that of C. 

35. The number of strokes per second made by the teeth on the 
card is 4x264= 1056. 

,\ it revolves -—-=32 times per second. 

36. Velocity of train =88 feet per second. 

If n be the vibration number of the note sounded, that of the note 

heard as the train approaches is -ry^ — 55 n ~ Ton n ' 

The frequency of the note heard as the train recedes is 

1120 140 



1120+88 151 

If the note be the fifteenth of the middle (7, 

n=1056. 

.*. the vibration numbers of the apparent notes are 

1145^ and 979# 1 . 

The first is sharpened slightly more than half a tone, the second 
flattened slightly less than half a tone. 
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Vocabulary. By G. H. Wells, M.A. 2s. 
Stedman. Latin Vocabularies for Repetition. By A. M. M. 

Stedman, H.A. 2nd Edition, revised. Foap. 8ro. Is. 6d. 

Easy Latin Passages for Unseen Translation. Fcap. 

8ro. ls.6d. 

Greek Testament Selections. 2nd Edition, enlarged, 



with Notes and Vocabulary. Fcap. 8yo. 2s. 6d, 

CLASSICAL TABLES. 

Latin Aooldenoe. By the Bey. P. Frost, M.A. It. 

Latin Versification. Is. 

Notabilia Qusedam; or the Principal Tenses of most of the 

Irregular Greek Verba and Elementary Greek, Latin, and French Con- 
struction. New Edition. Is. 

Richmond Rules for the Ovidian Diatioh, <fec. ByJ.Tate.MJL It. 

The Principles of Latin Syntax. Is. 

Greek Verbs. A Catalogue of Verbs, Irregular and Defective. By 

J. S. Baird, T.O.D. 8th Edition. 2s. 6d. 

Greek Accents (Notes on). By A. Barry, D.D. New Edition. 1*. 
Homeric Dialect. Its Leading Forms and Peculiarities. By J. 8. 
Baird, T.O.D. New Edition, by W. G. Rutherford, LL.D. Is. 

Greek Aooldenoe. By the Bev. P. Frost, M.A. New Edition. 1*. 
LATIN AND GREEK CLASS-BOOKS. 

See also Lower Form Series. 
Baddeley. Auxilla Latlna. A Series of Progressive Latin 

Exercises. By M. J. B. Baddeley, M.A. Fcap. 8vo. Part I., Accidence. 
5th Edition. 2s. PartlL 5th Edition. 2s. Key to Part II., 2s. 6cL 

Baker. Latin Prose for London Students. By Arthur Baker, 

M.A. Fcap. 8vo. 2s. 

Church. Latin Prose Lessons. By Prof. Church, MJL 9th 

Edition. Foap. 8ro. 2s. 64. 

Collins. Latin Exercises and Grammar Papers. By T. Collins, 

M.A., H. M. of the Latin School, Newport, Salop. 7th Edit. Fcap. 8vo. 
2s. 6d. 

— — — Unseen Papers in Latin Prose and Verse. With Ex- 
amination Questions. 9th Edition. Foap. 8ro. 2s. 6d. 
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Collins. Unseen Papers in Greek Prose and Verse. With Ex- 
amination Questions. 3rd Edition. Foap. 8m 3a. 

Easy Translations from Nepos, Cteesar, Oioero, Livy, 

&o., for Retranslation into Latin. With Notes. 2s. 

Oompton. Rudiments of Attio Construotion and Idiom. By 
tl\e Rev. W. 0. Oompton, M.A, Head Master of Dover College. 3a 

Clapin. A Latin Primer. By Bey. A. 0. Clapin, M.A. 1«. 

Frost. Ecloges Latins); or, First Latin Beading Book. With 
Notes and Vocabulary by the late Bev. P. Frost, M.A New Edition. 
Fcap. 8to. Is. 6d. 

Materials for Latin Prose Composition. By the late Bev. 

P. Frost, M.A New Edition. Fcap. 8vo. 2a Key (for Tutors only) 4s. 

Materials for Greek Prose Composition. New Edition. 



Fcap. 8to. 2s. 6d. Key (for Tutors only), 6s. 

Harkness. A Latin Grammar. By A. Harkness. Post 8vo. 6*. 

Holden. Foliorum Sllvula. Part I. Passages for Translation 
into Latin Elegiac and Heroic Vene. By H. A Holden, LL.D. 12th Edit. 
Post8vo. 7s. 6d. 

— — Foliorum Silvula. Part IL Select Passages for Trans- 
lation into Latin Lyric and Oomic Iambic Terse. 3rd Ed. Post 8ro. 6s. 
Foliorum Centuries. Select Passages for Translation 



into Latin and Greek Prose. 10th Edition. PostSvo. 8s. 
Jebb, Jackson, and Currey. Extracts for Translation In Greek, 
Latin, and English. By R. 0. Jebb, Litt. D., LL.D., H. Jackson, List. D., 
and W. E. Ourrey, M.A 4s. 6d. 

\ Key. A Latin Grammar. By T. H. Key, M.A, F.B.S. 6th 

1 Thousand. Post8vo. 8s. 

A Short Latin Grammar for Schools. 16th Edition. 

Post 8to. 8s. 6d. 
Mason. Analytical Latin Exercises. By C. P. Mason, B.A 

4th Edition. Part I., Is. dd. Part II., 2a, 6d. 

Nettleship. Passages for Translation into Latin Prose. By 

Prof. H. Nettleship, M.A. 8s. Key (for Tutors only), 4s. 6d. 

' The introduction ought to be studied by every teacher/ — Guardian. 

Paley. Greek Particles and their Combinations according to 
Attic Usage. A Short Treatise. By F. A Paley, M.A., LL.D. 2s. 6A. 

Penrose. Latin Elegiac Verse, Easy Exercises in. By the Bev. 
J. Penrose. New Edition. 2s. (Key, 3s. 6d.) 

Preston. Greek Verse Composition. By G. Preston, M.A 

5th Edition. Grown 8to. 4s. 6d. 
Pruen. Latin Examination Papers. Comprising Lower, Middle, 
and Upper School Papers, and a number of Woolwich and Sandhurst 
Standards. By G. G. Pruen, M.A Crown 8vo. 2s. 6d. 

Seager. Faciliora. An Elementary Latin .Book on a new 

principle. By the Bey. J. L. Seager, M. A 2s. 6d. 
Stedman. First Latin Lessons. By A M. M. Btedman, M.A. 

Second Edition, enlarged. Grown 8vo. 2s. 

First Latin Reader. With Notes adapted to the Shorter 

Latin Primer and Vocabulary. Grown 8ro. Is. 6d. 

Easy Latin Exercises on the Syntax of the Shorter and 



Revised Latin Primers. With Vocabulary. 3rd Edition. Cr. 8vo. 2s. 64. 

Notanda Qussdam. Miscellaneous Latin Exercises on 



Common Rules and Idioms. Foap. 8ro. ls.6d. With vocabnlary 2s. 

First Greek Lessons. [In preparation. 

Easy Greek Passages for Unseen Translation. Fcap. 



8to. Is. 6cU 
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Stedman. Easy Greek Exercises on Elementary Syntax. 

[In preparation. 

Greek Vocabularies for Repetition. Foap. 8vo. Is. 64. 

Thackeray. Anthologia Grseca. A Selection of Greek Poetry, 

with Notes. By F. St. John Thackeray. 5th Edition. 16mo. 4s. 6d. 
Anthologla Latina. A Selection of Latin Poetry, from 

Nsevius to Boathios, with NoteB. By Eev. F. St. J. Thackeray. 5th Edit. 

16mo. 4s. 6d. 

Donaldson. The Theatre of the Greeks. By J. W. Donaldson, 

D.D. 10th Edition. Poet 8vo. 5s. 

Keightley. The Mythology of Greece and Italy. By Thomas 

Keightley. 4th Edition. Revised by L. Schmite, Ph.D., LL.D. 5s. 

Mayor. A Guide to the Choice of Classical Books. By J. B. 

Mayor, M.A. 3rd Edition. Grown 8vo. 4s. 6d. 

Teuffel. A History of Roman Literature. By Prof. W. S. 

Teuffel. 5th Edition, revised by Prof. L. Sohwabe, and translated by 
Prof. G. 0. W. Warr, of King's College. 2 vols, medium 8to. 15s. eaoh. 



CAMBRIDGE MATHEMATICAL SERIES. 

Arithmetic for Schools. By 0. Pendlebury, M.A. 6th Edition, 

with or without answers, 4a. 6dL Or in two parts, 2s. 6d. each. Part 2 con* 
tains the Commercial Arithmetic. Key to Part 2, for tutors only, 7a. 6<J. net. 

Examples (nearly 8000), without answers, in a separate vol. 8s. 
In use at St. Paul's, Winchester, Wellington, Marlborough, Charterhouse, 
Merchant Taylors', Christ's Hospital, Sherborne, Shrewsbury, &o. <fco. 

Algebra. Choice and Chance. By W. A. Whitworth, M.A. 4th 

Edition. 6a. 
Euclid. Newly translated from the Greek Text, with Supple- 
mentary Propositions, Chapters on Modern Geometry, and numerous 
Exercises. By Horace Deighton, M.A., Head Master of Harrison College, 
Barbados. New Edition, Revised, with Symbols and Abbreviations. 
Crown 8vo. 4s. 6d. Key, for tutors only, 5s. net. 

Book I Is. I Books I. to UX ... 2s. 6d. 

Books I. and II. ... Is. 6d. | Books III. and IV. Is. 6d. 

Euclid. Exercises on Euclid and in Modern Geometry. By 

J. MoDowelL M.A. 4th Edition. 8s. 
Elementary Trigonometry. By J. M. Dyer, M.A., and Ber. 

B. H. Whitcombe, M.A., Assistant Masters, Eton College. 2nd Edit 4a. 6d. 

Plane Trigonometry. ByBev.T. G.Vyryan,M.A. 3rd Edit 8s. 6U 
Elementary Analytical Geometry. By Rev. T. G. Vyvyan. 

In the press. 

Geometrical Conic Sections. By H. G. Willis, M.A. 6«. 
Conies. The Elementary Geometry of. By C. Taylor, D.D. 7th 

Edition, revised and enlarged. By C. Taylor, D.D. 4a. 6d. 
Solid Geometry- By W. S. Aldis, M.A. 4th Edit, revised. 6s. 
Geometrical Optics. By W. S. Aldis, M.A. 3rd Edition, is. 
Rigid Dynamics. By W. S. Aldis, M.A. 4s. 
Elementary Dynamics. By W. Garnett, M. A., D.O.L. 5th Ed. 6s. 
Dynamics. A Treatise on. By W. H. Besant, Sc.D., F.B.S. 2nd 

Edition. 10s. 6d. 

Heat An Elementary Treatise. By W. Garnett, M.A., D.C.L. 5th 

Edition, revised and enlarged. 4s. 6d. 

Elementary Physios. Examples in. By W. Gallatly, M.A. it. 
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Elementary Hydrostatics. By W. H. Besant, So.D., F.R.S. 16th 

Edition. 4s. 6d» Key 5*. 
Hydromeohanics. By W. H. Besant, So.D M FJJ.S. 5th Edition* 

Part J. Hydrostatics, fis. 

Elements of Applied Mathematics. . By 0. M. Jessop, M.A. 

[In the press. 
Mathematical Examples. By J. M. Dyer, M.A., Eton College, 

and R. Prowde Smith, M.A., Cheltenham College. 6s. 
Mechanics. Problems in Elementary. By W. Walton, M.A. 6i. 
Notes on Roulettes and Glissettes. By W. H. Besant, So.D., 

F.R.S. 2nd Edition, enlarged, drown 8vo. 5s. 

CAMBRIDGE 3CHOOL AND COLLEGE 

TEXT-BOOKS. 

A Series of Elementary Treatises for the use of Students, 

Arithmetic. By Bev.O.Elsee,M.A. Fcap. 8vo. 14th Edit. 8f.64. 

By A. Wrigley, M.A. 8*. 6U 

A Progressive Coarse of Examples. With Answers. By. 

J. Watson, M.A. 7th Edition, revised. By W. P. Oondie, B.A. 2s. 64. 
Algebra. By the Bev. C. Elsee, M.A. 8th Edit. 4s. 
Progressive Course of Examples. By Bev. W. F. 

M*Michael,M.A.,and R. Prowde Smith, M.A. 4th Edition, 3s. 6d. With 

Answers. 4s. 6d. 

Plane Astronomy, An Introduction to. By P. T. Main, MA. 

6th Edition, revised. 4s. 

Conic Sections treated Geometrically. By W. H. Besant, So.D. 

8th Edition. 4s. 6d. Solution to the Examples. 4s. 

Enunciations and Figures Separately. 1*. 

Statics, Elementary. By Bev. H. Goodwin, D.D. 2nd Edit. 3«. 

Newton's Prinoipia, The First Three Sections of, with an Appen- 
dix ; and the Ninth and Eleventh Sections. By J. H. Evans, M jL 6th 
Edition, by P. T. Main, M.A. 4s. 

Analytical Geometry for Schools. By T. G. Vyvyan. 6th Edit. Am. 6<i. 
Greek Testament, Companion to the. By A. C. Barrett, M.A. 

5th Edition, revised. Foap. 8vo. 5s. 

Book of Common Prayer, An Historical and Explanatory Treatise 

on the. By W. O. Humphry, B.D. 6th Edition. Foap. 8vo. 2s. 6d. 
Music. Text-book of. By Professor H. C. Banister. 15th Edition, 

revised. 5s. 
Concise History of. By Rev. H. G. Bonavia Hunt, 

Mas. Doc. Dublin. 12th Edition, revised. 8s. 6d. 

ARITHMETIC, ( See also the two foregoing Series.) 
Elementary Arithmetic. By Charles Pendlebury, M.A., Senior 
Mathematical Master, St. Paul's School; and W. S. Beard, F.R.G.S., 
Assistant Master, Christ's Hospital. With 2500 Examples, Written and 
Oral. Grown 8vo. Is. 6d. With or without Answers. 
Arithmetic, Examination Papers in. Consisting of 140 papers, 
each containing 7 questions. 857 more difficult problems follow. A col- 
lection of recent Publio Examination Papers are appended. By 0. 
Pendlebury, M.A. 2s. 6d. Key, for Masters only, 5s. 
Graduated Exercises in Addition (Simple and Compound). By 
W. 8. Beard, C. 8. Department Rochester Mathematical School. Is. For 
Candidates for Commercial Certificates and Civil Service Exams. 

▲ 2 
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BOOK-KEEPING. 

Book-keeping Papers, set at various Public Examinations. 
Collected and Written by J. T. Medhurst, Lecturer on Book-keeping in 
the City of London College. '2nd Edition. 3s. 

A Text-Book of the Principles and Practice of Book-keeping. 

By Professor A. W. Thomson, B.Sc., Hoyal Agricultural College, Cirences- 
ter. Crown 8ro. 5*. 

pouble Entry Elucidated. By B. W. Foster. 14th edition. 

Foap. 4to. 8s. 6d. 
A Hew Manual of Book-keeping, combining the Theory and 
Practice, with Specimens of a set of Books. By Phillip Orellin, Account- 
ant. Crown 8vo. 8s. 6d. 

Book-keeping for Teachers and Pupils. By Phillip Crellin. 

Crown 8ro. Is. 6d. Key, 2s. net. 



GEOMETRY AND EUCLID. 

Euclid. Books 1.-VI. and part of XL A New Translation. By 

H. Deighton. ( Pee p. 8.) 
 The Definitions of, with Explanations and Exercises, 

and an Appendix of Exercises on the First Book. By &» .Webb, M.A. 

Crown Bvo. Is. 6d. 

Book I. With Notes and Exercises for the use of Pre* 



paratory Schools, &c. By Braithwaite Arnett, M.A. 870. 4s. 6d. 

The First Two Books explained to Beginners. By 0. P. 



Mason, B.A. 2nd Edition. Foap. 870. 2s. 6d. 

The Enunciations and Figures to Euclid's Element!. By Ber. 

J. Brasse, D.D. New Edition. Foap. 870. Is. Without the Figures, 6d. 
Exercises on Euclid. By J. McDowell, M.A. (See p. 8.) 
Geometrical Conic Sections. By H. G. Willis, M.A. (See p. 8.) 
Geometrical Conic Sections. By W. H. Besant, Sc.D. (See p. 9.) 
Elementary Geometry of Conies. By G. Taylor, D.D. (See p. 8.) 
An Introduction to Ancient and Modern Geometry of Conies. 

By C. Taylor, D.D., Master of St. John's ColL, Came. 870. 15s. 

An Introduction to Analytical Plana Geometry. By W. P. 

Tnrnbull, M.A. 870. 12s. 

Problems on the Principles of Plane Co-ordinate Geometry. 

By W. Walton, M.A. 870. 18s. 

Trilinear Co-ordinates, and Modern Analytical Geometry of 

Two Dimensions. By W. A. Whitworth, M.A. 870. 16s. 

An Elementary Treatise on Solid Geometry. By W. S. Aldis, 

M.A. 4th Edition revised. Or. 8vo. 6s. 

Elliptic Functions, Elementary Treatise on. By A. Cayley, D.Sc 

Demy8ro. [New Edition Preparing. 

TRIGONOMETRY. 

Trigonometry. By Bev. T. G. Vyryan. 3*. 6U (See p. 8.) 

Trigonometry, Elementary. By J. M. Dyer, M.A., and Bev. B. H. 
Whitoombe, M.A., Asst. Masters, Eton College. 4s. 6d. (See p. 8.) 

Trigonometry! Examination Papers in. By G. H. Ward, M.A., 
Assistant Master at St. Panl's School. Crown 870* 2s. 6d. 
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MECHANICS & NATURAL PHILOSOPHY. 

fltatios, Elementary. By H. Goodwin, D.D. Foap. 8vo. 9n4 

Edition. 3*. 

Dynamics, A Treatise on Elementary. By W. Garnett, M.A., 

D.C.L. 5th Edition, drown 8vo. 6*. 
Dynamics, Bigid. By W. S. Aldis, M.A. it. 

Dynamics, A Treatise on. By W. H. Besant, So.D.,F.B.S. 10a. 6<Z. 

Elementary Mechanics, Problems in. By W. Walton, M.A. New 

Edition. Grown 8vo. 6s. 
Theoretical Mechanics, Problems in. By W. Walton, M.A. 3rd 

Edition. Demy 8vo. 16s. 
Structural Mechanics. By B. M. Parkinson, Assoc. M.I.O.E. 

Grown 8vo. 4a. 6d. 

Elementary Mechanics. Stages I. and II. By J. G. Horobin, B.A. 

is. 6d. each. [8tage HI. preparing. 

Theoretical Mechanics. Division I. (for Science and Art Ex- 
aminations). By J. 0. Horobin, B.A. Grown 8vo. 2s. 6d. 

Hydrostatics. By W.H. Besant, ScD. Cr.8vo. 16th Edit. it. 6d. 

Hydromechanics, A Treatise on. By W. H. Besant, ScD., F.B.8. 

8vo. 5th Edition, revised. Part I. Hydrostatics. 5s. 
Hydrodynamics, A Treatise on. Vol. L, 10*. 64. ; Vol. IL, 12s. 6(2. 

A. B. Basset, M.A., F.B.S. 
Hydrodynamics and Sound, An Elementary Treatise on. By 

A B. Basset, M.A., F.B.S. Demy 8vo. 7s. 6d. 

Physical Optics, A Treatise on. By A. B. Basset, M.A., F.B.S. 

Demy 8vo. 16*. 
Optics, Geometrical. By W. 8. Aldis, MJL Crown 8to. 4th 

Edition. 4s. 

Double Refraction, A Chapter on FresneTs Theory of. By W. S. 

Aldig, M.A. 8vo. 2s. 

Roulettes and Glissettes. By W. H. Besant, ScD., F.B.S. 2nd 
Edition, 5s. 

Heat, An Elementary Treatise on. By W. Garnett, M.A., D.G.L. 
Grown 8vo. 6th Edition. 4s. 6d. 

Elementary Physics, Examples and Examination Papers in. By 
W. Gallatly, M.A. 4s. 

Newton's Prlnolpla, The First Three Sections of, with an Appen- 
dix ; and the Ninth and Eleventh Sections. By J. H. Evans, M.A. 5th 
Edition. Edited hy P. T. Main, M.A. 4s. 

Astronomy, An Introduction to Plane. By P. T. Main, M.A. 

Fcap. 8yo. cloth. 6th Edition. 4s. 

Mathematical Examples. Pure and Mixed. By J. M. Dyer, M. A. , 
and B. Prowde Smith, M.A. 6s. 

Pure Mathematics and Natural Philosophy, A Compendium of 

Facts and Formula in. By G. B. Smalley. 2nd Edition, revised by 
J. McDowell, M.A. Fcap. 8vo. 2s. 

Elementary Course of Mathematics. By H. Goodwin, D.D. 

6th Edition. 8vo. 16s. 

A Collection of Examples and Problems In Arithmetic, 

Algebra, Geometry, Logarithms, Trigonometry, Conic Sections, Mechanics, 
«feo., wth Answers. By Rev. A. Wrigley. 20th Thousand. 8s. 6d. 
Key. 10a. 64. 
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FOREIGN CLASSICS. 

A 8erie$ for me in Schools, with English Notes, grammatical and 
explanatory, and renderings of difficult idiomatic expressions. 

Fcap. Qvo, 

Schillers's Wallenstein. By Dr. A. Buchheim. 7th Edit. 6s. 
Or the Lager and Piooolomini, 2s. 6d. Wallenstein's Tod, 2s. 6d. 

Maid of Orleans. By Dr. W. Wagner. 3rd Edit. Is. 6d, 

Maria Stuart By V. Kastner. 3rd Edition. 1*. 64. 

Goethe's Hermann und Dorothea. By E. Bell, M.A., and 

B. WolfeL New Edition, Revised. Is. 6d, 

German Ballads, from Uhland, Goethe, and Schiller. By G. L. 
Bielefeld. 5th Edition. 1*. 6d. 

Charles XIX, par Voltaire. By L. Direy. 7th Edition. 1*. 6d. 
Ayentures de Telemaque, par Fenelon. By C. J. Delille. 4tb 

Edition. 2s. 6& 
Select Fables of La Fontaine. ByF.E.A.Gaao. 19th Edit. l«.6d. 
Picciola, by X.B. Saintine. By Dr.Dubuo. 16th Thousand. If. 6& 
Lamartlne's Le Tailleur de Plerres de Saint-Point. By 

J. Bolelle, 6th Thousand. Foap. 8vo. Is. 6d. 



FRENCH CLASS-BOOKS. 

French Grammar for Public Schools. By Rev. A. 0. Olapin, M. A. 

Fcap. 8to. 13th Edition. 2s. 6d. Key to Exercises 3s. 6d. 
French Primer. By Bev. A. 0. Olapin, M.A. Foap. dvo. 10th Ed. Is. 
Primer of French Philology. By Bev. A. 0. Glapin. Foap. 8vo. 

6th Edit. Is. 

Le Nouveau Tresor; or, French Student's Companion. By 

M. E. 8. 19th Edition. Foap. 8vo. Is. 6d. 

French Papers for the Prelim. Army Exams. Collected by 

J. F. Davis, D.Lit. 2s. 6d. 

French Examination Papers in Miscellaneous Grammar and 
Idioms. Compiled by A. M. M. Stedman, M.A 4th Edition, drown 
8vo. 2s. 6d. Key. 5s. 

Manual of French Prosody. By Arthur Gosset, M.A. 3*. 

GOMBEBT'S FBENOH DBAMA. 

Being a Selection of the best Tragedies and Comedies of Moliere. 

Racine, Oorneille, and Voltaire. With Argument* and Notes by A. 

Gombert. New Edition, revised by F. E. A. Gaso. Foap. 8vo. Is. each j 

sewed, 6d. Oohtwits. 

Moli&rb : — Le Misanthrope. L* Avars. Le Bourgeois GentUhomme. Le> 
Tartuffe. Le Malade Imaginaire. Les Femmes Savantes. Les Fourberies 
de Scapin. Les Preoieuses Ridicules. L'Eoole des Femmes. L'Eoole des 
Maris. Le Mtfdeein malgre* Ltd. 

Baoivb :— Phedre. Esther. Athalie. Iphigenie. Les Plaideurs. La 
Tbibalde; ou, Les Freres Ennemis. Andromaque. Britannicus. 

P. Ookhxxllb:— LeOid. Hones. CKnna. Polyeucte. 

Toltaim i— Zaire. 
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F. E. A. GASO'S FRENCH COURSE. 

First French Book. Crown 8vo. 116th Thousand. Is. 

Second French Book. 52nd Thousand Fcap. 8vo. Is. 6(2. 

Key to First and Second French Books. 5th Edit. Fop. 8vo. 3a. 6(2. 

French Fables for Beginners, in Prose, with Index. 16th Thousand. 
12mo. ls.6d. 

Select Fables of La Fontaine. 18th Thousand. Fcap.8vo. ls.Qd. 

Histolres Amusantes et Instructives. With Notes. 17th Thou- 
sand. Foap. 8vo. ,2s. 

Practical Guide to Modern French Conversation. 19th Thou- 
sand. Foap. 8vo. Is. 6d. 

French Poetry for the Young. With Notes. 6th Ed. Fop. 8vo. 8". 

Materials for French Prose Composition; or, Selections from 
the best English Prose Writers. 2lst Thou*. Foap. 8vo. 3s. Key, «s. 

Prosateurs Oontemporains. With Notes. 11th Edition, re- 
vised. 12mo. Ss. 6d. 

Le Petit Compagnon ; a French Talk-Book for Little Children. 
14th Edition. 16mo. Is. 6d. 

An Improved Modern Pocket Dictionary of the French and 
English Languages. 49th Thousand, ldmo. 2s. 6d. 

Modern French-English and English-French Dictionary. 5th 
Edition, revised. 10s. 6d. In use at Harrow, Rugby, Westminster, 
Shrewsbury, Radley, fto. 

The ABC Tourist's French Interpreter of all Immediate 
Wants. ByF. E.AGaso. Is. 



GERMAN CLASS-BOOKS. 

Materials for German Prose Composition. By Dr. Buohheim. 
14th Edition. Foap. 4s. 6d. Key, Parts I. and IX, 8s. Parts IIL and IV., 

Goethe's Faust. Part I. Text, Hay ward's Prose Translation, and 
Notes. Edited by Dr. Buohheim. 5s. 

German. The Candidate's Vade Mecum. Five Hundred Easy 
Sentences and Idioms. By an Army Tutor. Cloth, Is. For Army Exams. 

Wortfolge, or Rules and Exercises on the Order of Words in 

German Sentenoes. By Dr. F. Stock. Is. 6d. 

A German Grammar for Public Schools. By the Bey. A. C. 

Olapin and F. Holl Mailer. 6th Edition. Fcap. 2s. tfd, 

A German Primer, with Exercises. By Bey. A C. Olapin. 

2nd Edition. Is. 

Kotzebue's Der Gefangene. With Notes by Dr. W. Stromberg. 1*. 
German Examination Papers in Grammar and Idiom. By 

B. J. Morion. 2nd Edition. 2s. 6d. Key for Tutors only, 5s. 

Italian Primer. By Bey. A. 0. Olapin, M.A. Foap. 8vo. Is. 
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ENGLISH CLASS-BOOKS. 

The Elements of the English Language. By B. Adams, Ph.D. 

26th Edition. Revised by J. F. Davis, D.Lit, M.A. Poet 8vo. 4s. 6d. 

The Rudiments of English Grammar and Analysis. By 
B. Adams, Ph.D. 19th Thousand. Fcap. 8m 1*. 

A Concise System of Parsing. By L. E. Adams, B.A. 1«. 64. 

Comparative Grammar and Philology. By A. 0. Price, M.A., 
Assistant Master at Leeds Grammar School. 2s. 6d, 

Examples for Grammatical Analysis (Verse and Prose). Se- 
lected, &c., by F. Edwards. New edition. Cloth, Is. 

Questions for Examination in English Literature. With brief 
hints on the study of English. By Professor W. W. Skeat, Litt.D. Grown 
8vo. 2*. 6d. 

Ten Brink's History of English Literature. Vol. I. Early Eng- 
lish Literature (to Wiclif). Translated by H. M. Kennedy. 3s. 6d. 
Vol. II. (Wiclif, Chaucer, Earliest Drama, Renaissance). Translated by 
"W. Clarke Robinson, Ph.D. 3«. 6d. 

Notes on Shakespeare's Plays. By T. Duff Barnett, BA 
Midsummes Night's D&bam, Is. j Julius 0*8AB, Is. : Henby V., is. ; 
Tempest, Is. ; Macbeth, Is. ; Mebchant of Venice, Is. ; Hamlet, Is. j 
Richaju) II., Is. ; Kiaa Jour 1s.j Kzxra Lsab, Is. j Gobzolahus, Is. 



BELL'S ENGLISH CLASSICS. 

Edited for use in Schools, with Introduction and Notes, 

Crown 8vo. 

Lamb's Essays. Selected and edited by K. Deighton. 

Byron's Childe Harold. Edited by H. G. Keene, C.I.E., Hon. 
M.A. Ox on., Fellow of Calcutta Univ., Author of 'Manual of French 
Literatuie,' &c. 

Maoaulay's Lays of Ancient Borne. Edited by P. Hordern, 
M.A. Oxon, late Director of Publio Instruction in Burma. 

Massinger's A New Way to Pay Old Debts. Edited by E. 

Deighton. 

Burkes Letters on the Regioide Peace. L and H. Edited by 
H. G. Keene, CLE. 

Johnson's Life of Addison. Edited by F. Byland, MJL 
Johnson's Life of Swift. Edited by P. Byland, M.A. 
Selections from Pope. Edited by K. Deighton. 
Shakespeare's Julius Caesar. Edited by T. Duff Barnett. B.A. 

Lond. 

Shakespeare's Merchant of Venice. Edited by T. Duff Barnett, 
B.A. Lond. 

Shakespeare's Tempest. Edited by T. Duff Barnett, B.A. Lond. 

Browning's Strafford. Edited by E. H. Hickey. With Intro* 
duotion by S. B. Gardiner, LL.D. 

Others to follow. ' 
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GRAMMARS. 

By 0. P. Maboh, Fellow of Univ. Coll. London. 
First Notions of Grammar for Young Learners. Foap. 8vo. 

75th Thousand. Revised and enlarged. Oloth. In. 

First Steps In English Grammar for Junior Classes. Demy 
18mo. 54th Thousand, la. 

Outlines of English Grammar for the Use of Junior Classes. 

87th Thousand, drown 8vo. 2a. 

English Grammar, including the Principles of Grammatical 
Analysis. 34th Edition. 143rd Thousand. Crown 8vo. 8a. 64. 

Practice and Help in the Analysis of Sentences. 2c. 

A Shorter English Grammar, with copious Exercises. 49 tb 

to 53rd Thousand. Grown 8va 8a. 64. 

English Grammar Practice, being the Exercises separately. Is. 
Code Standard Grammars, Parts I. and II., 2d. each. Parts III., 

IV., and V., 3d. each. 

Notes of Lessons, their Preparation, &o. By Jose Bickard, 
Park Lane Board School. Leeds, and A. H. Taylor, Rodley Board 
School, Leeds. 2nd Edition. Grown 8vo. 2a. 64. 

A Syllabic System of Teaching to Read, combining the advan- 
tages of the ' Phonic' and the ' Look-and-Say • Systems. Grown Bvo. Is. 

Practical Hints on Teaching. By fiev. J. Menet, M.A. 6th Edit, 
revised. Grown 8vo. paper, 2a. 

Test Lessons In Dictation. 4th Edition. Paper cover, It. 6<Z. 



PSYCHOLOGY AND ETHICS. 

The Student's Manual of Psychology and Ethics. By F. By- 
land, M.A., late Scholar of St. John's College, Cambridge. Specially 
adapted for London Examinations. Sixth Edition, with Lists.of Books 
for Students, and Examination Papers. 3s. 6d. 

Ethics: An Introductory Manual for University Students. By 
F. Byland, M.A. 8a. 64 



MUSIC. 

A Text-book of Music By Henry C. Banister, Professor of 
Harmony, Counterpoint, and Composition, in the Royal Normal College 
and Academy of Music for the Blind in the Guildhall Sohool of Music, 
and in the Royal Academy of Music. 14th Edition. 5a. 

Lectures on Musical Analysis. Embracing Sonata Form, Fugue, 

&o. Illustrated by the Works of the Classical Masters. By H. C. 
Banister. 2nd Edition, revised. 7a. 64. 

A Concise History of Music, from the Commencement of the 
Christian Era to the present time. For the use of Students. By the 
Rev. H. G. Bonayia Hunt, Mus. Doc. Dublin j Warden of Trinity College, 
London; and Lecturer on Musical History in the same College. 12th 
Edition, revised to date (1893). 3a. 64. 
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GEOLOGY. 

Studont'B Handbook of Physical Otology. By A. J. Jukes- 
Browne, B.A., F.G.8., of the Geological Surrey of England and Wales. 
With numerous Diagrams and Illustrations. 2nd Edition, revised and 
much enlarged. 7a 6d. 

* Should be in the hands of every teacher of geology.' 

Journal of Education* 
' A very useful book, dealing with Geology from its physical side.' 

Athenceum. 

Student's Handbook of Historical Geology. By A. J. Jukes- 
Browne, B.A., F.G-.8. With numerous Diagrams and Illustrations. 6s. 
'Admirably planned and well executed.* — Journal of Education. 

The Building of the British Isles. By A. J. Jukes-Browne, 
B.A., F.G.S. A Study in Geographical Evolution. With Maps. 2nd 
Edition, revised. 7s. 6a. 

TECHNOLOGICAL HANDBOOKS. 

Edited by Sib H. Tbubman Wood, Secretary of the Society of Arts. 

Dyeing and Tissue Printing. By W. Crookes, F.R.S. 6s. 

Glass Manufacture. By Henry Chance, MA.; H. J. Powell, B.A.; 
and H. G. Harris. 8s. 6d. 

Cotton Spinning. By Richard Marsden, of Manchester. 4th 

Edition, revised. 6a 6d. 
Chemistry of Coal-Tar Colours. By Prof. Benedikt, and Dr. 
Knecht of Bradford Technical College. 2nd Edition, enlarged. 6s. 6d. 

Woollen and Worsted Cloth Manufacture. By Professor 
Roberts Beaumont, The Yorkshire College, Leeds. 2nd Edition. 7s. 64. 

Silk Dyeing. By G. H. Hurst, F.C.S. With numerous coloured 

specimens. 7s. 6d. 
Cotton Weaving. By R. Marsden. [Preparing. 

Bookbinding. By J. W. Zaehnsdorf, with eight plates and many 
illustrations. 5s. 

Printing. By 0. T. Jacobi, Manager of the Chiswiok Press. 5*. 

Plumbing. By S. Stevens Hellyer. 5*. 

Soap Manufacture. By W. Lawrence Gadd, F.LC, F.C.S. 5*. 



BELL'S AGRICULTURAL SERIES. 

The Farm and the Dairy. By Prof. Sheldon. 2*. 6d. 
Soils and their Properties. By Dr. Fream. 2*. 6U 
The Diseases of Crops. By Dr. Griffiths. 2*. 6<2. 
Manures and their Uses. By Dr. Griffiths. 2s. 6d. 
Tillage and Implements. By^Prol W. J. Maiden. 2s. 64. 
Fruit Culture. By J. Cheal, F.R.H.S. 2*. 6d. 



Specially suitable for Agricultural Classes. 
Praotical Dairy Farming. By Prof. Sheldon. Reprinted from 

' The Farm and the Dairy.* Illustrated. Is. 

Practical Fruit Growing. By J. Cheal, F.B.H.S. Reprinted 

from • Fruit Culture.* Illustrated. Is. 
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HISTORY. 

Modern Europe. By Dr. T. H. Dyer. 2nd Edition, revised and 

continued. 5 Tola. Demy 8vo. 21. 12s. Qd. 

The Decline of the Roman Republics. By G. Long. 5 vols. 
8ro. 5«. each. 

Select Historical Documents of the Middle Ages. Collected 
and Translated by Ernest F. Henderson, Ph.D. Small post 8vo. 5s. 

The Intermediate History of England. For Army and Civil 
Service Candidates. By H. F. Wright, M.A., LL.M. Grown 8vo. 6s. 

Historical Maps of England. By 0. H. Pearson. Folio. 3rd 
Edition revised. 31*. Qd. 

England in the Fifteenth Century. By the late Rev. W. 

Denton, M.A. Demy 8to. 12s. 

History of England, 1800-46. By Harriet Martineau, with new 

and copious Index. 5 vols. 8s. Qd. each. 

A Practical Synopsis of English History. By A. Bowes. 9th 

Edition, revised. 8vo. Is. 

Lives of the Queens of England. By A Strickland. Library 
Edition, 8 vols. 7*. Qd. each. Cheaper Edition, 6 vols. 6s. each. Abridged 
Edition, 1 vol. 6s. 6d> Mary Queen of Scots, 2 vols. 5s. each. Tudor and 
Stuart Princesses, 5s. 

History and Geography Examination Papers. Compiled by 
0. H. Spence, M.A., Clifton College. Crown 8vo. 2s. Qd. 

For other Historical Books, see Catalogue ofBohn's Libraries, sent free on 

application. 



DICTIONARIES. 

WEBSTER'S INTERNATIONAL DICTIONARY of the 
English Language. Inoluding Scientific, Technical, 
and Biblical Words and Terms, with their Signi- y^ £3}k 
fications, Pronunciations, Etymologies, Alternative / XTW 
Spellings, Derivations, Synonyms, and numerous / c* f\_ f 
illustrative Quotations, with various valuable literary I WEBSTER S 
Appendices and 83 extra pages of Illustrations grouped l INTERNATIONAL j 
and classified, rendering the work a Complete \ nirnnwAnv 

LITERARY AKD SCIENTIFIC EEFEEENCE-BoOK. New * WR-IIMNAKT, 

Edition (1890). Thoroughly revised and enlarged 

under the supervision of Noah Porter, D.D., LL.D. 

1 vol. (2118 pages, 3500 woodcuts), 4to. doth, 81s. 6d. ; half calf, 21. 2s. * 

half russia, 21. 5s. ; calf, 21. 8s. ; full sheep with patent marginal Index* 

21. 8s. j or in 2 vols, cloth, 11. 14s. ; half russia, 21. 18*. 

Prospectuses, with specimen pages, sent free on application, 

Kluge's Etymological Dictionary of the German Language. 

Translated from the 4th German edition by J. F. Davis, D.Lit., M.A. 
(Lond.). Crown 4to. half buckram, 18s. 

Dictionary of the French and English Languages. By 
F. E. A. Gaso. 5th Edition, Revised and Enlarged. Demy 8vo. 10s. Qd. 
Is use at Harrow, Rugby, Shrewsbury, &o. 

Pooket Dictionary of the French and ^English Languages. 

By F. E. A Gasc 49th Thousand. 16mo. Cloth, 2s. Qd, 
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DIVINITY. 

By the late Ret. F. H. Scrivener, A.M., LL.D., D.O.L. 

Novum Testamentum Gtaeoe. Editio major. Being an enlarged 
Edition, containing the Readings of Bishop Westoott and Dr. Hort, and 
those adopted by the Revisers, fee. 7s. 6d. {For other Edition* see page 3.) 

▲ Plain Introduction to the Criticism of the New Testament 

With Forty Facsimiles frem Ancient Manuscripts. 4th Edition, revised 
by Bey. E. Miller, M.A. 8vo. [In the press. 

Codex Bei& Oantabrigiensis. 4to. 10t. 6<J. 



The New Testament for English Readers. By the late H. Alford, 

D.D. VoL I. Part I. 8rd Edit. 12*. Vol. I. Part U. 2nd Edit. 10s. 6d. 
Vol. n. Part 1. 2nd Edit. 16s. Vol. II. Part n. 2nd Edit. 16a. 

The Greek Teitament By the late H. Alford, D J). VoL I. 7th 

Edit 11. 8s. Vol. H. 8th Edit. II. 4s. Vol. IH. 10th Edit 18s. Vol. IV. 
Part 1. 6th Edit 18s. VoL IV. Part II. 10th Edit. 14s. VoL IV. 11. 12*. 

 

Companion to the Ghreek Teitament By A. 0. Barrett, HA. 

5th Edition, revised. Fcap. 8vo. 6s. 

Guide to the Textual Criticism of the New Testament By 

Rev. E. Miller, M.A. Grown 8vo. 4s. 

The Book of Psalms. A New Translation, with Introductions, Ac. 
By the Bt. Rev. J. J. Stewart Perowne, D.D., Bishop of Worcester. 8vo, 
VoL L 8th Edition, 18*. VoL II. 8th Edit 16s. 

 Abridged for Schools. 7th Edition. Crown 8vo. 10*. 64. 



History of the Articles of Religion By 0. H. Hardwick. 8rd 

Edition. PostSvo. 6s. 

History of the Creeds. By Rev. Professor Lumby, D JD. 8rd 

Edition, drown 8vo. 7«. 6d. 

Pearson on the Creed. Carefully printed from an early edition. 
With Analysis and Index by E. Waiford, M. A. Post 8vo. 5s. 

Liturgies and Offices of the Church, for the Use of English 

Readers, in Illustration of the Book of Common Prayer. By the Rev. 
Edward Burbidge, M.A. Grown 8vo. 9s. 

An Historical and Explanatory Treatise on the Book of 

Common Prayer. By Rev. W. G. Humphry, B.D. 8th Edition, enlarged. 
Small Post 8vo. 2s. 6a. j Cheap Edition, Is. 

A Commentary on the Gospels, Epistles, and Acts of the 

Apostles. By Rev. W. Denton, A.M. New Edition. 7 vols. 8vo, 9s. each. 

Notes on the Catechism. By Bt Bev. Bishop Barry. 9th Edit. 
Foap. 2s. 

The Wlnton Church Oateohlst Questions and Answers on the 

Teaching of the Church Oateohism. By the late Rev. J. S. B. MonseU, 
LL.D. 4th Edition. Cloth, 8s. % or in Four Parts, sewed. 

The Church Teacher's Manual of Christian Instruction. By 

Rev. M. F. Sadler. 43rd Thousand. 2s, 6d. 
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BOOKS FOR YOUNQ READER8. 

A Stories qf Reading Books designed to facilitate the acquisition ofthepown 
of Reading by very young Children. In 10 vols. cloth t 6d. each. 

Those with an asterisk have a Frontispiece or other Illustrations. 

•The Old Boathouse. Bell and Fan; or, A Cold Dip. 
*Tot and the Cat A Bit of Cake. The Jay. The 

Black Hen's Nest. Tom and Ned. Mrs. Bee. I Suitable 

•The Oat and the Hen. Sam and nil Dog Redleg. / T J^ fa 

Bob and Tom Lee. A Wreck. ' ln / anw - 

*The New-born Lamb. The Rosewood Box. Poor 

Fan. Sheep Dog. 
•The Two Parrots. A Tale of the Jubilee. By M. B. \ 

Wintle. 9 Illustrations. 

*The Story of Three Monkeys. 
•Story of a Oat Told by Herself. 
The Blind Boy. The Mute GHrL A New Tale of j sta {° d r ardft 

Babes in a Wood. 

*Queen Bee and Busy Bee. 
•(tail's Crag. 

•The Lost Pigs * 

Syllable Spelling. By 0. Barton. In Two Parts. Infants, 8<L 

Standard I., 8d. 

GEOGRAPHICAL READING -BOOKS. 

By M. J. Babbinqton Wabd, M.A. With numerous Illustrations. 

The Child's Geography. ' For the Use of Schools and for Home 

Tuition. 6d. 

The Map and the Compass. A Beading-Book of Geography. 
For Standard L New Edition, revised. 8d. cloth. 

The Bound World. A Beading-Book of Geography. For 

Standard II. New Edition, revised and enlarged. 10d. 

About England. A Beading-Book of Geography for Standard 
III. With numerous Illustrations and Coloured Map. Is. 4d. 

The Child's Geography of England. With Introductory Exer- 
cises on the British Isles and Empire, with Questions. 2s. 6d. 



Suitable 

for 

standard 

I. A II. 



ELEMENTARY MECHANICS. 

By J. 0. Hobobin, BJL, Principal of Homerton Training College. 

Stage I. With numerous IUvstrabiont. Is. 6d. 
Stage IL With numerous Illustrations. Is. 6d. 
Stage III. [Preparing 
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Standard 
IV. 



BELL'S READING-BOOKS. 

:fob schools and paeoohial libraries. 
Pott Bvo. Strongly bound in cloth, 1*. each. 

* Adventures of a Donkey . \ 
♦Life of Columbus. 1 
•arimm'B German Tales. (Selected.) I **j*jN« 
•Andersen's Danish Tales. Illustrated. (Selected.) ) standard 
*Unole Tom's Cabin. I 

* Grreat Englishmen. Short Lives for Young Children. / 

Great Englishwomen. Short Lives of. 

Great Scotsmen. Short Lives of. 

Parables from Nature. (Selected.) ByMrs.Gatty. 

Lyrical Poetry. Selected by D. Monro. 

* Edge worth's Tales. (A Selection.) 
•Scott's Talisman. (Abridged.) 

•Poor Jack. By Captain Marryat, B.N. Abgd. 
♦Dickens's Little NelL Abridged from the « The Old 

Curiosity Shop.* 

♦Oliver Twist By Charles Dickens. (Abridged.) 
•Masterman Beady. ByCapt Marryat Dins. (Abgd.) 
•Gulliver's Travels. (Abridged.) 
•Arabian Nights. (A Selection Be written.) 

•The Vicar of Wakefield. 
Lamb's Tales from Shakespeare. (Selected.) 
•Robinson Crusoe. Illustrated. 
•Settlers In Canada. By Oapt. Marryat. (Abridged.) 
•Souther's Life of Nelson. (Abridged.) 
•Life of the Duke of Wellington, withMaps and Plans. 
•Sir Roger de Ooverley and other Essays from the 
{Tales of the Coast By J. Bunciman. Spectator. 

• Thus* Volumes ars UkwtrataJ. 



Standard 
7. 



\ 






Standards 

FT.,* 

FII. 



/ 



Uniform with the Series, in limp cloth, 6<L each, 

Shakespeare's Plays. Kemble's Beading Edition. With Ex- 
planatory Notes for School Use. 

JULIUS OSSAR. THE MERCHANT OF VENICE. KING JOHN. 
HENRY THE FIFTH. ^ , MACBETH. AS YOU LIKE IT. 



